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ABSTRACT OF THE DISSERTATION
Hyperbolic metamaterials for high-speed optical communications
by
Lorenzo Ferrari
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Professor Zhaowei Liu, Chair
Hyperbolic metamaterials are a class of artificial optical media characterized by
anisotropic light dispersion. Their unprecedented properties, unattainable with natural
materials, can be controlled and tuned over the entire optical range with careful design of
their subwavelength units. Among the applications enabled by hyperbolic media, sponta-
neous emission engineering occupies a prominent position for optical communications.
Coupling of an incoherent optical source with a hyperbolic nanostructure results in short-
ened spontaneous emission lifetime, corresponding to increased modulation bandwidth.
This thesis explores solutions to enhance the spontaneous emission, the output power,
the directionality and the electronic integrability of emitter-hyperbolic medium systems.
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After a solid compendium of the hyperbolic metamaterials field is provided, a method to
enhance the Purcell factor of a multilayer Si/Ag hyperbolic medium is proposed. Moving
the emitter location from the outside to the inside of the multilayer results in a 300-fold
Purcell enhancement at visible frequencies, and up to 10-fold power enhancement with
respect to free space is obtained by means of 1D gratings. The study then focuses on
improving the directional control of power outcoupling, either by shaping the hyperbolic
medium into a cylindrical nanoantenna, or by introducing a novel paradigm based on
dispersion engineering, which lifts the need for gratings or nanostructures. Design guide-
lines are provided to achieve emission from the top or from the side of an unpatterned
hyperbolic block, and a dipole-hyperbolic block system is optimized for lateral outcou-
pling at λ0 = 530 nm. Finally, the integration of a plasmonic nanostructure (which can
be seen as a special case of hyperbolic nanostructure with 100% metallic component)
with an InGaN/GaN LED is addressed. The proposed architecture enables simultaneous
high-speed modulation and efficient light emission while preserving effective electrical
excitation. Different plasmonic LED structures operating at λ0 = 450 nm are fabricated,
and characterized with time-resolved photoluminescence. A limit 2 GHz modulation
bandwidth is predicted based on lifetime measurements. A subsequent cross-sectional
analysis identifies the nanostructure geometry that maximizes light extraction, providing
a clear guideline for future fabrication and contact integration.
xxi
Chapter 1
Introduction
1.1 Genesis of hyperbolic metamaterials
In the past decade, the development of nanofabrication techniques allowed the
experimental demonstration of various kinds of optical metamaterials, designed to exhibit
properties unattainable with conventional media [1]. The initial efforts were motivated
by the predictions of Veselago, who in the late 1960s had envisioned a material with
negative refractive index [2], a feature thus far believed to be irrealistic and - as such - of
no physical relevance. His studies led eventually to artificial media exhibiting negative
refraction [3], and to a critical reexamination of other paradigms in electromagnetism
and related fields.
Among the varieties of metamaterials proposed and fabricated since then, hy-
perbolic metamaterials (HMMs) have rapidly gained a central role in nanophotonics,
thanks to their unprecedented ability to access and manipulate the near-field 1 of a light
emitter or a light scatterer. This feature derives directly from the excitation, inside of
1The near-field is defined by distances shorter than the wavelength of light in vacuum. Within this
spatial domain, the electromagnetic field manifests a behavior that may significantly deviate from the
conventional one, valid at distances much larger than one wavelength (far-field).
1
2HMMs, of coupled surface plasmons (SPs) [4, 5, 6, 7, 8]. A SP is a collective oscillation
of electrons, confined to the surface of a metal in contact with a dielectric. If the metal
and the dielectric are shaped as thin layers, their interface is flat, and the metal surface
supports propagating surface plasmons (or "surface plasmon polaritons" (SPPs)). If
instead the metal has the shape of a nanoparticle or a nanowire, the surface of the metallic
domain supports localized surface plasmons. The excitation of these coherent electronic
vibrations is accompanied by the generation of an electromagnetic field. The latter decays
very fast on both the dielectric and the metallic side, and thereby interacts principally
with the near-field of the interface. When sub-wavelength metallic/dielectric layers are
periodically stacked, or metallic nanowires are regularly arranged with sub-wavelength
separation in a dielectric matrix, the electromagnetic fields bounded to the individual
plasmonic interfaces couple, giving rise to a collective response. Such response can be
interpreted, in the limit of infinite number of interfaces, as originating from bulk effective
media, with a unique anisotropic dispersion, termed hyperbolic. The interaction of these
metamaterials with their near-field results in applications including high-resolution imag-
ing and lithography [9, 10, 11, 12], broadband absorption engineering [13, 14], thermal
control at the nanoscale [15], enhanced nonlinear processes [16, 17] and spontaneous
emission engineering [18, 19]. The work presented in this thesis focuses on the latter,
emphasizing its ultimate link to fast optical data transfer.
1.2 Hyperbolically-enhanced incoherent light sources
The capability of controlling spontaneous emission is technologically relevant
to the field of high-speed optical communications. As pointed out in a recent work
[20], incoherent light sources with a spontaneous emission rate enhanced via plasmonic
[21, 22, 23] or hyperbolic nanostructures can achieve modulation speeds comparable
3to or larger than those of coherent sources, at a lower manufacturing and operational
cost. The radiative spontaneous decay rate of a quantum emitter (molecule, electron-hole
pair in quantum wells (QWs) or quantum dots (QDs)) γr = 1/τr, where τr represents
the radiative spontaneous emission lifetime [24], defines the upper bound to the 3dB
electrical modulation bandwidth, f3dB, of a light-emitting diode (LED), according to
the formula f3dB = (2piτr)−1 = (2pi)−1γr [25]. When such a quantum light source is
brought within the near field of a HMM, the waves with large k-vectors contained in its
emission spectrum couple to the hyperbolic medium – which supports their propagation –
instead of decaying evanescently in the surrounding environment (usually air). The local
photonic density of states (PDOS) accessible to the emitter is therefore much larger in
HMMs than in conventional media. Fermi’s Golden Rule states that the enhancement in
PDOS, quantified by the Purcell factor, is proportional to the enhancement in radiative
spontaneous decay rate [26]: because γr is proportional to f3dB as shown above, we
conclude that the emitter-HMM coupling enhances the electrical modulation bandwidth.
The contextual increase in the data transmission rate of the emitter (proportional to f3dB
according to the Shannon Sampling Theorem [25]) opens up a host of opportunities in
high-speed wireless (Light-Fidelity (Li-Fi) [27], underwater [28]) and fiber-optic [29]
communication.
The path from the first experimental demonstrations of hyperbolic emission
enhancement to the commercialization of hyperbolically-engineered light sources is
not straightforward. Several key challenges need to be addressed, in order to boost the
performance of HMMs, increase their functionality and integrability and enable their
mass production. What is the location of an emitter relative to a HMM that maximizes
its decay rate? Are there nanostructures simultaneously capable of extracting radiation
from HMMs and controlling its directionality? Is a grating the only feasible light
outcoupling mechanism? Which design allows the effective integration of electrically
4pumped emitters and HMMs, enhancing the emitter’s modulation speed but maintaining
a reasonable radiation intensity? These and other questions are answered in the following
chapters, also in light of the recent progress in photonic materials research.
1.3 Thesis content
The present thesis provides a comprehensive review of HMMs theory and appli-
cations, showing how their unprecedented properties enable novel advances in nanopho-
tonics. It then focuses on the interaction between HMMs and quantum light emitters,
analyzing its two main aspects: spontaneous emission enhancement and directional
radiation outcoupling. Finally, it proposes and experimentally evaluates a viable solu-
tion to integrate emitter and hyperbolic medium into a light-emitting device capable of
high-speed modulation.
Here in Chapter 1 we have framed our study into its technology perspective: the
unique behavior of HMMs can be leveraged to enhance the modulation speed of an
incoherent light source, ultimately yielding an optical transmitter capable to compete
with lasers in specific contexts and operative conditions.
In Chapter 2 we introduce the concept of hyperbolic medium, describing the
physical properties that result from its peculiar optical dispersion. The two practical
implementations of HMM, the multilayer (ML) stack and the nanowire (NW) array,
are successively discussed, together with their constituent materials - whose choice is
dictated by the operational spectral range - and their fabrication methods. Once such
background is provided, the chapter reviews the main applications of HMMs emerged
so far in literature: high-resolution imaging and lithography, spontaneous emission
engineering, thermal emission engineering, and active and tunable devices. The picture is
complemented by a miscellanea of less established related topics (enhanced absorption,
5waveguiding, optical forces). We conclude by critically evaluating the limitations of the
current theoretical approach, both in a classical framework and when the HMM feature
size approaches the domain of quantum physics.
Chapter 3 is devoted to spontaneous emission (SE) enhancement with HMMs.
We investigate how the decay rate of an emitter, already enhanced by its proximity to
the surface of a multilayer HMM, is further boosted when its location is moved from the
outside to the inside of the hyperbolic medium. Once the optimum position is identified,
two grating geometries are proposed to effectively extract radiation from the multilayer
into the far field.
Chapters 4 and 5 are devoted to directional radiation outcoupling from HMMs. In
Chapter 4, a HMM coupled to a quantum source is shown to possess directional emission
properties when shaped into a cylindrical nanoantenna. We observe that, for a given
antenna geometry, certain emitter locations and wavelengths correspond to directional
emission patterns, parallel or perpendicular to the antenna axis. Chapter 5 provides a
novel paradigm for radiation outcoupling from HMMs, based on dispersion engineering.
If the filling fraction of a hyperbolic medium is properly selected, light extraction is
achieved without the need for a grating, for any HMM type (I or II) and geometry
(multilayer or nanowire).
In Chapter 6 we discuss the fabrication of an optical source, operating in the visi-
ble range, whose electrical modulation speed is plasmonically/hyperbolically enhanced.
We integrate in a custom-grown GaN wafer Ag nanostructures with different geometric
parameters, to simultaneously optimize both decay rate and light extraction efficiency.
We summarize the results of our work in Chapter 7, emphasizing the significance
of this study for future research directions.
Chapter 1, in part, is a reprint of the material as it appears on Progress in Quantum
6Electronics 40, 1–40 (2015). L. Ferrari, C. Wu, D. Lepage, X. Zhang and Z. Liu,
“Hyperbolic metamaterials and their applications”. The dissertation author is the first
author of this paper.
Chapter 1, in part, has been submitted for publication. L. Ferrari, J. S. T. Smalley,
Y. Fainman and Z. Liu, “Hyperbolic metamaterials for dispersion-assisted directional
light emission”. The dissertation author is the first author of this paper.
Chapter 2
Fundamentals and applications of
HMMs
2.1 Introduction
This chapter reviews the conceptual and experimental milestones that established
and consolidated the field of hyperbolic metamaterials, together with the latest trends.
We focus our analysis on devices intended to work at optical frequencies, which span the
ultraviolet, visible, near- and mid-infrared range. We start in Section 2.2 by introducing
the properties of an ideal hyperbolic medium, and the physical phenomena that they de-
termine (Subsection 2.2.1). Two artificial structures have been shown to possess effective
hyperbolic dispersion: a multilayer stack and a nanowire array. We provide formulas
describing the respective effective parameters and discuss their validity, also evaluat-
ing suitable material combinations (Subsection 2.2.2). Section 2.3 examines the most
promising areas of application of HMMs. These media support the propagation of high
wavevectors, a characteristic which can be exploited to break the diffraction limit. The
ability of resolving sub-wavelength objects has been predicted and demonstrated with the
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8invention of the hyperlens, that we discuss alongside its implications for nanolithography
in Subsection 2.3.1. HMMs can enhance the spontaneous emission of quantum sources
by offering a fast decay channel with tunable and broadband features (Subsection 2.3.2).
In an analogous fashion, hyperbolic modes in the infrared can increase heat transfer
and lead to a super-planckian thermal emission in the near-field (Subsection 2.3.3). The
possibility of implementing gain and mechanisms of dynamical tuning in HMMs is con-
sidered in Subsection 2.3.4, while Subsection 2.3.5 presents a miscellanea of emerging
directions including enhanced absorption, waveguiding and optical forces. In Section 2.4
we highlight the limitations of classical hyperbolic medium models, and observe how a
quantum treatment of the HMM constituent units necessarily results in spatial dispersion.
A critical analysis of the limitations of HMMs and of future directions concludes our
work.
2.2 Hyperbolic media
2.2.1 Definition and properties
The concept of a material with hyperbolic behavior originates from the optics of
crystals. In such media, the constitutive relations connecting the electric displacement D
and the magnetic induction B to the electric and magnetic fields E and H can be written
D = ε0εE (2.1)
B = µ0µH, (2.2)
where ε0 and µ0 are the vacuum permeability and permittivity, and ε and µ are the relative
9permeability and permittivity tensors. Throughout the present work we will consider
nonmagnetic media, so that µ simply reduces to the unit tensor. Upon diagonalization, ε
assumes the form
ε=

εxx 0 0
0 εyy 0
0 0 εzz
 , (2.3)
in a Cartesian frame of reference oriented along the so-called principal axes of the
crystal. The three diagonal components are all positive, and in general depend on the
angular frequency ω; the crystal is termed biaxial when εxx 6= εyy 6= εzz, uniaxial when
εxx = εyy 6= εzz, and becomes isotropic when εxx = εyy = εzz.
To determine the dispersion relation of light in a medium described by Eq. (2.3),
let us consider the following two Maxwell’s equations in the absence of sources:
∇×E =−∂B
∂t
(2.4)
∇×H = ∂D
∂t
, (2.5)
where D and B are as in Eq. (2.1) and Eq. (2.2). By inserting into Eq. (2.4) and
Eq. (2.5) the plane wave expressions E = E0ei(ωt−k·r) and H = H0ei(ωt−k·r), where
k is the wavevector, we obtain:
k×E = ωµ0H (2.6)
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k×H =−ωε0εE. (2.7)
Substitution of Eq. (2.6) into Eq. (2.7) yields the eigenvalue problem for the electric field
E:
k× (k×E)+ω2µ0ε0εE = 0, (2.8)
which can be developed in matrix form:

k20εxx− k2y − k2z kxky kxkz
kxky k20εyy− k2x − k2z kykz
kxkz kykz k20εzz− k2x − k2y


Ex
Ey
Ez
= 0, (2.9)
where k0 = ω/c is the magnitude of wavevector and c = 1/
√
ε0µ0 the speed of light in
vacuum. We now focus our attention on uniaxial media, with optical axis oriented along
the zˆ direction, εxx = εyy ≡ ε⊥ and k⊥ =
√
k2x + k2y . The imposition of nontrivial solutions
to Eq. (2.9) leads to the dispersion relation:
(
k2⊥+ k
2
z − ε⊥k20
)(k2⊥
εzz
+
k2z
ε⊥
− k20
)
= 0. (2.10)
When set to zero, the two terms above correspond respectively to a spherical and an
ellipsoidal isofrequency surface in the k-space; the first describes waves polarized in the
xy plane (ordinary or TE waves), the second waves polarized in a plane containing the
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optical axis (extraordinary or TM waves).
The situation changes substantially if we assume an extreme anisotropy, namely
if one between ε⊥ and εzz is negative. Media with such an optical signature are termed
indefinite from the point of view of algebra [30], since their permittivity tensor represents
an indefinite nondegenerate quadratic form, and exhibit a number of unconventional
properties. Permittivity components with an opposing sign result in a hyperboloidal
isofrequency surface for the extraordinary polarization - hence the physical denomination
hyperbolic media. As a consequence, waves with arbitrarily large wavevectors retain
a propagating nature, while in isotropic materials they become evanescent due to the
bounded isofrequency contour [24]. The choice ε⊥ > 0, εzz < 0 corresponds to a two-
fold hyperboloid, and the hyperbolic medium is called dielectric (with reference to its
behavior in the xy plane) [31] or Type I [32]; the choice ε⊥ < 0, εzz > 0 describes a one-
fold hyperboloid, namely a metallic or Type II medium. Fig. 2.1 shows the isofrequency
surfaces and the dispersion relation for the two cases.
Another unique feature of a hyperbolic environment is the strongly directional
light emission. The group velocity vg(ω) = ∇kω(k) and the time-averaged Poynting
vector Sˆ = 12Re{E×H∗}, associated respectively with the directions of propagation and
energy flow of light rays, are orthogonal to the isofrequency surfaces [34, 30, 33]. Let
us consider a section of the metallic-type hyperboloid in the kxkz plane, illustrated in
Fig. 2.2. Except for a small region in proximity of the origin, the normals to the hyperbola
coincide with those to its asymptotes, defined by:
kz =±
√
−ε⊥
εzz
k⊥. (2.11)
Therefore, electromagnetic radiation and energy travel preferentially along a cone, with
axis coincident with the optical axis zˆ and half-angle
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upper band. In both cases, the contours of constant ! are
hyperbolas. In the lower band, these hyperbolas are centered
on the kx axis, while in the upper, they are centered on the kz
axis.
In fact, there is also a third band at high frequencies, but
this is the least interesting regime and is not shown in Fig. 4:
both components of the permittivity are positive here.
The dispersion relation also provides the key to the pre-
ferred propagation direction. This is determined by the group
velocity. A constant-frequency section of the dispersion rela-
tion !cut across the first band" is plotted in Fig. 5. The hy-
perbolic form of the curve means that for large #kx#, it tends
to the following straight line:
kz =$− "x"z #kx# . !6"
The group velocity is perpendicular to the constant-! con-
tours like the one plotted in Fig. 5. The figure demonstrates
that apart from a region around kz=0, the group velocity
vectors all point in almost the same two directions: this is the
basis for the preferred direction of propagation. Remember-
ing that the x and y directions are equivalent, we can see that
the preferred directions form a cone around the z axis. The
half-angle of the cone is
# = arctan$− "x
"z
. !7"
In the region around kz=0, the arrows point outside the cone.
In this band, there are no propagating modes in a small re-
gion around kx=0, and no propagating modes with a group
velocity vector lying inside the cone.
If we take a cross section from the second band, instead of
the first, we also see a hyperbolic contour; the plot resembles
Fig. 5, but rotated by 90°. The group velocities for the modes
around kx=0 now point inside the cone, rather than outside.
To conclude this section, we look at the physical process
that allows our layered metamaterial to mimic an anisotropic
material and to support the propagation of normally evanes-
cent waves. The key fact is that surface plasmons are sup-
ported at an interface where the permittivity changes sign.
When the metal permittivity is negative, this sign change
occurs at every interface; the wave is transmitted via coupled
surface plasmons, as indicated in Fig. 6.
IV. TRANSMISSION THROUGH AN ANISOTROPIC
SYSTEM
We have seen that we can produce a metamaterial with
interesting properties by stacking alternating layers of metal
and dielectric. Next, we look at a slab of this material, and
examine the transmission coefficient.
We assume that the slab is embedded in a uniform me-
dium of constant permittivity !which may be unity, repre-
senting vacuum". In such a medium, the dispersion relation
!4" becomes
FIG. 4. !Color online" The dispersion relation for an idealized
metal-insulator system. The permittivity of the metal is given by !5"
with "m!$"=2.0, while the dielectric has permittivity "d=2.5; the
layers are of equal width !%=1". kp is the wave vector correspond-
ing to the plasma frequency !kp=!p /c". The first two bands are
shown; they have been separated to make visualization easier, but
there is no band gap. The plots are symmetric about the planes kx
=0 and kz=0.
FIG. 5. !Color online" The relationship between kx and kz for
!=0.2!p !in the middle of the lower band in Fig. 4". The straight
lines show the asymptotes given by Eq. !6". The group velocity is
indicated by the arrows, which are perpendicular to the curve; the
length of the arrows is proportional to the magnitude of the group
velocity.
DIRECTED SUBWAVELENGTH IMAGING USING A¼ PHYSICAL REVIEW B 74, 115116 !2006"
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Figure 1. k-space topology. The isofrequency contour for (a) an isotropic dielectric is a sphere and for (b) extraordinary waves in a uniaxial
medium with extreme anisotropy (✏x = ✏y > 0 and ✏z < 0) it is a hyperboloid (type I HMM). (c) Hyperboloid of a type II metamaterial
when two components of the dielectric tensor are negative (✏x = ✏y < 0 and ✏z > 0). This medium behaves like a metal reflecting all waves
below a minimum parallel wavevector kmin. The metamaterials in (b) and (c) can support waves with unbounded wavevectors (dashed red
arrow) as opposed to an isotropic medium.
Historically, hyperbolic media were first explored in
the field of plasma physics [17]. By applying a strong
magnetic field to a plasma, the dielectric tensor could be made
extremely anisotropic, leading to hyperbolic isofrequency
curves. In fact, negative refraction and planar focusing
due to hyperbolic dispersion were predicted in anisotropic
plasmas [17] before Veselago’s seminal paper on the negative
index lens [18]. Other characteristic features such as the
nature of dipole radiation and propagation in hyperbolic
media were also addressed by the pioneering work of
Felsen [19]. Inspired by the work in plasmas, low frequency
metamaterials were designed to emulate many of the
hyperbolic properties using microwave circuits that can be
ascribed an effective index [20].
This paper will focus on hyperbolic metamaterials at mid-
infrared (mid-IR) and optical wavelength ranges. The range
of applications at high frequencies such as subwavelength
imaging or nanowaveguiding are fundamentally different
and so too are the challenges. The purpose of this paper
is twofold. First, we provide a comprehensive design
perspective on hyperbolic metamaterials from the visible to
mid-infrared wavelengths. We compare and explain the choice
of materials and design parameters which have been used for
various experiments. This should help experimentalists design
hyperbolic metamaterials for specific device applications.
We focus extensively on the validity of the effective
medium approximation to describe hyperbolic meta aterials.
The underlying theme of the review is the emerging
area for plasmonics and metamaterials research: quantum
applications [21].
It was recently predicted by Jacob et al that hyperbolic
metamaterials have a large photonic density of st tes leading
to a broadband Purcell effect useful for applications such
as efficient single-photon sources [22–24]. This was later
experimentally [25–27] and computationally [28, 29] verified
by multiple groups, proving that hyperbolic metamaterials
are a viable route for radiative decay engineering. The
metamaterial approach of modifying spontaneous emission is
fundamentally different from methods that involv resonant
cavities [30, 31], photonic crystal structures [32, 33], slow
light waveguides [34] or low mode volume plasmons [35].
The broadband enhancement in the spontaneous emission
occurs due to coupling with electromagnetic states unique to
the hyperbolic metamaterial. We review in detail the various
experiments that probed the predicted effect and compare it
with the theoretical results [16, 36].
The main application of metamaterial-based quantum
nanophotonics would involve the coupling to quantum
emitters such as nitrogen-vacancy centers in diamond [21,
37]. Their broadband emission are not ideally suited to
the optical cavity-based approach for enhancement. In
spite of the absorption losses, an optimized design can
lead to efficient single-photon sources based on hyperbolic
metamaterials [22, 38]. The issue of spontaneous emissio
near a hyperbolic metamaterial is also pertinent to the problem
of loss compensation. A large number of emitters would
emit preferentially into metamaterial modes leading to active
photonic devices. Finally, we expect this review to pave the
way for future work on non-classical light interaction with
metamaterials.
2. Design and characterizat on of th HMM
2.1. Isofrequency relation
The fundamental property of the HMM is that it has dielectric
properties (✏ > 0) in one direction but metallic properties
(✏ < 0) in a orthogon direction. The dielectric response of
the me amaterial is that of a uniaxial crystal (✏xx = ✏yy 6= ✏zz):
✏ =
264✏xx 0 00 ✏yy 0
0 0 ✏zz
375 (1)
but with extreme anisotropy ✏xx✏zz < 0. Such a property
d es not exist in nature at optical frequencies and has
to be engineered usi g nanostructured metamaterials. The
phrase ‘hyperbolic metamaterial’ arises from the unique
isofrequency surface of extraordinary w ves in such a medium
which is given by
k2x + k2y
✏zz
+ k
2
z
✏xx
= !
2
c2
. (2)
2
(a)
(b)
(c)
Figure 2.1: (a) Isofrequency surface ω(kx,ky,kz) = const. in the ridimens onal k-space
for an isotropic mediu (ε⊥,εzz > 0) and a hyperbolic medium with dielectric or Type
I (ε⊥ > 0,εzz < 0) and metallic or Type II (ε⊥ < 0,εzz > 0) response. (b) Dispersion
rela ion ω(kx,kz) for a hyperbolic m dium in the dielectric and (c) metallic regime. kp
is the wavevector correspondent to the plasma frequency ωp of the metallic cons ituent
(see Subsection 2.2.2). (a) reproduced from Ref. [32], (b) and (c) from Ref. [33].
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θ= arctan
(√
−ε⊥
εzz
)
. (2.12)
Such a spatial grouping of light is forbidden in conventional dielectric media, described
by spherical or ellipsoidal isofrequency surfaces: in that case the normals point in all
directions, resulting in isotropic emission patterns.
upper band. In both cases, the contours of constant ! are
hyperbolas. In the lower band, these hyperbolas are centered
on the kx axis, while in the upper, they are centered on the kz
axis.
In fact, there is also a third band at high frequencies, but
this is the least interesting regime and is not shown in Fig. 4:
both components of the permittivity are positive here.
The dispersion relation also provides the key to the pre-
ferred propagation direction. This is determined by the group
velocity. A constant-frequency section of the dispersion rela-
tion !cut across the first band" is plotted in Fig. 5. The hy-
perbolic form of the curve means that for large #kx#, it tends
to the following straight line:
kz =$− "x"z #kx# . !6"
The group velocity is perpendicular to the constant-! con-
tours like the one plotted in Fig. 5. The figure demonstrates
that apart from a region around kz=0, the group velocity
vectors all point in almost the same two directions: this is the
basis for the preferred direction of propagation. Remember-
ing that the x and y directions are equivalent, we can see that
the preferred directions form a cone around the z axis. The
half-angle of the cone is
# = arctan$− "x
"z
. !7"
In the region around kz=0, the arrows point outside the cone.
In this band, there are no propagating modes in a small re-
gion around kx=0, and no propagating modes with a group
velocity vector lying inside the cone.
If we take a cross section from the second band, instead of
the first, we also see a hyperbolic contour; the plot resembles
Fig. 5, but rotated by 90°. The group velocities for the modes
around kx=0 now point inside the cone, rather than outside.
To conclude this section, we look at the physical process
that allows our layered metamaterial to mimic an anisotropic
material and to support the propagation of normally evanes-
cent waves. The key fact is that surface plasmons are sup-
ported at an interface where the permittivity changes sign.
When the metal permittivity is negative, this sign change
occurs at every interface; the wave is transmitted via coupled
surface plasmons, as indicated in Fig. 6.
IV. TRANSMISSION THROUGH AN ANISOTROPIC
SYSTEM
We have seen that we can produce a metamaterial with
interesting properties by stacking alternating layers of metal
and dielectric. Next, we look at a slab of this material, and
examine the transmission coefficient.
We assume that the slab is embedded in a uniform me-
dium of constant permittivity !which may be unity, repre-
senting vacuum". In such a medium, the dispersion relation
!4" becomes
FIG. 4. !Color online" The dispersion relation for an idealized
metal-insulator system. The permittivity of the metal is given by !5"
with "m!$"=2.0, while the dielectric has permittivity "d=2.5; the
layers are of equal width !%=1". kp is the wave vector correspond-
ing to the plasma frequency !kp=!p /c". The first two bands are
shown; they have been separated to make visualization easier, but
there is no band gap. The plots are symmetric about the planes kx
=0 and kz=0.
FIG. 5. !Color online" The relationship between kx and kz for
!=0.2!p !in the middle of the lower band in Fig. 4". The straight
lines show the asymptotes given by Eq. !6". The group velocity is
indicated by the arrows, which are perpendicular to the curve; the
length of the arrows is proportional to the magnitude of the group
velocity.
DIRECTED SUBWAVELENGTH IMAGING USING A¼ PHYSICAL REVIEW B 74, 115116 !2006"
115116-3
Figure 2.2: Isofrequency c tour in the kx,kz plane at ω= 0.2ωp for the dielectric-type
hyperbolic medium of Fig. 2.1(c). The group velocity s directed as the arrows and
proportional t their magnitude, the green straight lines are the asymp otes given by
Eq. (2.11). R produced from Ref. [33].
The peculiar anisotropic character does not manifest itself only in the bulk of
hyperbolic media, but also at th interface with dielec rics, enabling negative refraction
of energy [35, 36]. With reference to Fig. 2.3, let us consider an isotropic material, where
k and Sˆ are parallel, in contact with a hyperbolic medium of the dielectric type (ε⊥ > 0
and εzz < 0). We want to determine the refraction of a TM-polarized plane wave (electric
field in the xz plane), with x-component of the wavevector kx > 0, impinging from the
isotropic side on the interface between the two media, lying in the xy plane. The fact that
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Here xeˆ , yeˆ  and zeˆ  are the unit vectors along the x, y and z axis, respectively. 
Consequently, the time-averaged Poynting vector for TM waves is readily obtained 
                             20
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From Maxwell’s equations, the dispersion relation for TM waves is given by 
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where c is the light velocity in vacuum. In particular, we study the case of  εx > 0 and εz < 0, 
representing an “indefinite material” as introduced by Smith and Schruig [30]. Under this 
condition, the equifrequency contour of the medium is hyperbolic in the (kx, kz) plane (see Fig. 
3(a)). Namely, any real kx has a real solution for kz, indicating that the wave can propagate 
without any cutoff [38].This is to say, such materials support propagation of waves with large 
wave vectors (i.e., with kx >2pi /λ0), which are initially evanescent in free space [30]. 
  
  
Fig. 3. (a). The equifrequency contour of an indefinite material with εx = 4.515 and εz  = -2.530 
(green hyperbola), as well as the equifrequency contour of an isotropic material (gray circle). 
The refracted wave vector (solid blue arrow) and Poynting vector (solid red arrow) can be 
determined by satisfying the causality theorem and the conservation of the tangential wave 
vector. While the other set of refracted wave vector (dotted blue arrow) and Poynting vector 
(dotted red arrow) are physically incorrect. (b) Schematic diagram of negative refraction for a 
TM wave, which is incident from an isotropic material to an indefinite one with εx >0 and εz < 
0. (c) Refracted angles for the wave vector (blue) and Poynting vector (red) at various incident 
angles. Note the Poynting vector undergoes negative refraction for all incident angles. 
 
Consider a TM polarized light incident from a normal isotropic material, in which the 
wave vector and Poynting vector are parallel, to an indefinite medium with εx > 0 and εz < 0 
(Figs. 3(a) and 3(b)). At the interface, there are two solutions (presented by solid and dashed 
blue arrows in Fig. 3(a)) satisfying the continuity of the tangential component of k  (that 
is, xk ). However, according to the causality principle [5-15], the energy must flow away from 
anisotropic isotropic 
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Figure 2.3: (a) Isofrequency contour of an indefinite material with εxx = 4.515 and
εzz = −2.530 (green hyperbola), and of an isotropic material (gray circle). Light
incident from an isotropic medium, where the vavevector ki and the Poynting vector
Si ar parallel (bl ck arrow), an generate in a hyperbolic medium two possible s ts
(solid and dashed arrows) of refracted wavevector (blue)/ Poynting vector (red), both
satisfying Eq. (2.13) and the conservation of the k-component tangential to the interface.
The physically correct one (b) is s lected y invoking the causality principle. (c) Fini e-
element simulation showing negative refraction of a TM Gaussian beam at λ0 = 632.8
nm through a slab of hyperbolic medium. The color bar represents the time-averaged
Poynting vector. Reproduced from Ref. [35].
in the anisotropic half-space kx and kz are connected by
k2x
εzz
+
k2z
ε⊥
= k20, (2.13)
namely k is constrained to the hyperbolic contour, and the conservation of the tangential
component kx, following from the absence of optical discontinuities in the xy plane,
restrict the refracted wavevector to one between the dashed and the solid blue arrow in
Fig. 2.3(a). Furthermore, the causality principle requires that Sˆz > 0 (the energy flux has
to be away from the interface): and only the solid blue arrow satisfies
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Sˆz =
zˆ ·k
ε⊥
H20
2ωε0
> 0. (2.14)
This selected orientation implies that the wavevector, representing the propagation of
phase fronts, undergoes positive refraction at the interface (Fig. 2.3(b)). If we evaluate
instead the tangential component of Sˆ,
Sˆx =
kx
εzz
H20
2ωε0
, (2.15)
it results < 0, since the conserved quantity kx > 0 while εzz < 0. This means that the sign
of Sˆx flips across the interface (Fig. 2.3(b)), and hence that energy is negatively refracted
when passing from an isotropic to a hyperbolic medium or viceversa (Fig. 2.3(c)).
2.2.2 Implementations
We now ask ourselves the question whether a natural material exists which
possesses direction-dependent permittivities with opposing sign. Permittivity represents
the mascroscopic response of a system of charged particles to an externally applied
electric field. A positive permittivity implies a polarization parallel to the field, and
characterizes insulators. A negative permittivity, indicating an antiparallel polarization,
is observed at infrared frequencies in dielectrics and semiconductors, in bands comprised
between transverse and longitudinal phonons ("Reststrahlen band") [37], and in systems
described as free electron gases below the plasma frequency [38].
A difference in frequency between phononic modes parallel and perpendicular to
the optical axis causes triglycine sulphate and sapphire to exhibit hyperbolic dispersion
respectively in the low-terahertz (250 < λ0 < 268µm) and mid-infrared (around 20µm)
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range, while bismuth owes its 10-µm anisotropy window in the far-infrared (53.7 < λ0 <
63.2µm) to direction-dependent effective masses [39]. Highly oriented pyrolitic graphite
displays hyperbolic behavior in the ultraviolet, allowed by the free motion of electrons
along parallel atomic layers, but its performance is limited by absorption losses [40].
Therefore, the available alternatives do not grant access to the visible range, and are too
scarce to constitute a solid and versatile tool for applications.
In order to design a hyperbolic medium and customize its properties, one needs
to artificially induce a negative permittivity in one or two spatial dimensions. The first
attempt in this direction dates back to the late 1960s, when permittivity engineering was
proposed by restricting to 1D the motion of a magnetized electron plasma by means of a
constant magnetic field [41]. This approach, unpractical in terms of device portability
and again limited in frequency, was overcome in the past decade thanks to progresses in
nanofabrication, which allowed the confinement in less than three dimensions of the free
electrons of metals. Currently, two structures have been shown to generate the desired
kind of anisotropy: a stack of deep subwavelength alternating metallic and dielectric
layers, termed multilayer, and a lattice of metallic nanowires embedded in a dielectric
matrix, termed nanowire array (Fig. 2.4). The optical response of these discontinuous
media can be homogenized via an effective medium theory (EMT), resulting in a hy-
perbolic effective permittivity tensor. The ML and the NW array constitute within such
approximation hyperbolic metamaterials1. The physical mechanism that originates in
the real implementations the properties discussed in Subsection 2.2.1 is the coupling of
surface plasmons (in the ML case) or localized surface plasmons (in the NW case) of
individual metallic/dielectric interfaces [4, 5]; we will delve deeper in this aspect in the
following section.
The effective parameters in the limit of infinitesimal layer thickness for a ML
1Photonic crystals exhibit a periodicity analogous to that of MLs and NW arrays, but are not metamate-
rials as they cannot be represented by effective bulk parameters.
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(a)
(b)
Figure 2.4: Schematics of (a) a multilayer and (b) a nanowire hyperbolic metamaterial.
parallel to the xy plane, originally derived by Rytov [42] and later reobtained with the
characteristic matrix formalism by Wood et al. [33], are:
εxx = εyy = pεm+(1− p)εd (2.16)
εzz =
(
p
εm
+
1− p
εd
)−1
, (2.17)
where the filling ratio p = tm/(tm+ td) is the volume percentage of metal in a unit cell
or period, constituted of a dielectric layer and a metallic layer with thicknesses td and
tm and permittivities εd and εm. In general, εd and εm are complex quantities exhibiting
temporal dispersion (i.e. they depend on the angular frequency ω), and so are εxx and
εzz. As we chose the ‘+’ sign in the plane wave time-dependence eiωt (Subsection 2.2.1),
our sign convention for permittivity will be ε = ε′− ε′′. The real part ε′, < 0 for εm
and > 0 for εd , accounts for polarization response, while the imaginary part ε′′, > 0 for
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both εd and εm, models the dissipative (or "Ohmic") losses in the material. The real and
imaginary parts of the effective parameters of a Ag/SiO2 ML are plotted in Fig. 2.5 for
two different filling ratios. As p and ω are varied, the medium described by Eqs. (2.16)
and (2.17) can exhibit Type I or Type II hyperbolic character, but also behave as an
effective dielectric (εxx,εzz > 0) or an effective metal (εxx,εzz < 0), as summarized in
the optical phase diagrams of Fig. 2.6 [32, 43]. A proper selection of parameters allows
access to the epsilon-near-zero (ENZ) regime [44].
The homogenized magnetic permeability is given by ex-
pressions analogous to !1" and !2". When ! is small, the
effective parameters are dominated by the first medium,
while for large !, they resemble those of the second medium.
Only the ratio of the thicknesses of the two layers appears
in the homogenized version, not the absolute value; however,
the characterization of the material using the effective-
medium parameters is more accurate when both d1 and d2 are
small.
For a layered metal-dielectric system, we can tune the
response either by altering the frequency or by changing the
ratio of layer thicknesses.11 This is demonstrated by Figs. 2
and 3, which show the real and imaginary parts of the effec-
tive permittivity for two different thickness ratios, for a sys-
tem composed of alternating layers of silver and silica. The
material data from which these plots are constructed have
been taken from the books by Palik12 and Nikogosyan.13 In
both graphs, there are two regions in which Re!"x" and
Re!"z" take opposite signs. In the first region, which includes
energies up to approximately 3.2 eV, Re!"x" is negative; in
the second, which consists of a small range of energies
around 3.6 eV, Re!"x" is positive.
By choosing a suitable value of !, we can make the real
parts of "z and "x take opposite signs over a range of frequen-
cies. We investigate the consequences of this in the next
section.
III. PERMITTIVITY WITH DIRECTION-DEPENDENT
SIGN
The unusual behavior of the layered materials can be un-
derstood by considering the dispersion relation between the
frequency # and the wave vector k. We assume that we are
dealing with nonmagnetic materials, so that the magnetic
permeability $=1. If the dielectric permittivity is aniso-
tropic, the interesting waves are those with transverse mag-
netic !TM" polarization. The dispersion relation for these
waves is
kx
2
"z
+
kz
2
"x
=
#2
c2
= k0
2
. !4"
We have taken ky to be zero, since the x and y directions are
equivalent. When "x and "z are both positive, the relationship
between kx and kz is similar to that in free space: for small kx,
kz is real, but when kx becomes large, kz becomes imaginary.
The propagation of the wave in the z direction is governed by
kz; when kz is imaginary, the wave is evanescent: it decays
exponentially with z.
However, when "x and "z have opposite signs, kz is real
for a much wider range of values of kx. Even the high spatial
frequency components with large kx, which would normally
be evanescent, now correspond to real values of kz, and
hence to propagating waves.
If we want to plot the dispersion relation, we have to
remember that the permittivity itself is frequency-dependent.
To get an idea of what the dispersion relation looks like, we
can use an idealized model: we imagine a metamaterial
whose layers are composed of equal thicknesses of a dielec-
tric, with positive, frequency-independent permittivity, and a
metal, with the simple plasmalike permittivity
"m!#" = "m!%" −
#p
2
#2
. !5"
For now, we assume that the materials are nonabsorbing. The
resulting dispersion relation is plotted in Fig. 4. We can iden-
tify two distinct bands from the figure. In the lower, "x is
negative, while "z is positive; the signs are reversed in the
FIG. 2. !Color online" The dielectric permittivity of the metama-
terial constructed from layers of silver and silica. This and the fol-
lowing graph show the real and imaginary parts of the in-plane and
perpendicular components of the permittivity for different layer
thickness ratios; in this case, != 23 , which means that the layers of
silica are one and a half times as thick as the layers of metal.
FIG. 3. !Color online" The effective permittivity when !=1.5.
The silver layers are now thicker, and the amount of absorption has
increased: the imaginary parts of the permittivity are now larger.
However, the real parts are also correspondingly larger in
magnitude.
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The homogenized magnetic permeability is given by ex-
pressions analogous to !1" and !2". When ! is small, the
effective parameters are dominated by the first medium,
while for large !, they resemble those of the second medium.
Only the ratio of the thicknesses of the two layers appears
in the homogenized version, not the absolute value; however,
the characterization of the material using the effective-
medium parameters is more accurate when both d1 and d2 are
small.
For a layered metal-dielectric system, we can tune the
response either by altering the frequency or by changing the
ratio of layer thicknesses.11 This is demonstrated by Figs. 2
and 3, which show the real and imaginary parts of the effec-
tive permittivity for two different thickness ratios, for a sys-
tem composed of alternating layers of silver and silica. The
material data from which these plots are constructed have
been taken from the books by Palik12 and Nikogosyan.13 In
both graphs, there are two regions in which Re!"x" and
Re!"z" take opposite signs. In the first region, which includes
energies up to approximately 3.2 eV, Re!"x" is negative; in
the second, which consists of a small range of energies
around 3.6 eV, Re!"x" is positive.
By choosing a suitable value of !, we can make the real
parts of "z and "x take opposite signs over a range of frequen-
cies. We investigate the consequences of this in the next
section.
III. PERMITTIVITY WITH DIRECTION-DEPENDENT
SIGN
The unusual behavior of the layered materials can be un-
derstood by considering the dispersion relation between the
frequency # and the wave vector k. We assume that we are
dealing with nonmagnetic materials, so that the magnetic
permeability $=1. If the dielectric permittivity is aniso-
tropic, the interesting waves are those with transverse mag-
netic !TM" polarization. The dispersion relation for these
waves is
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We have taken ky to be zero, since the x and y directions are
equivalent. When "x and "z are both positive, the relationship
between kx and kz is similar to that in free space: for small kx,
kz is real, but when kx becomes large, kz becomes imaginary.
The propagation of the wave in the z direction is governed by
kz; when kz is imaginary, the wave is evanescent: it decays
exponentially with z.
However, when "x and "z have opposite signs, kz is real
for a much wider range of values of kx. Even the high spatial
frequency components with large kx, which would normally
be evanescent, now correspond to real values of kz, and
hence to propagating waves.
If we want to plot the dispersion relation, we have to
remember that the permittivity itself is frequency-dependent.
To get an idea of what the dispersion relation looks like, we
can use an idealized model: we imagine a metamaterial
whose layers are composed of equal thicknesses of a dielec-
tric, with positive, frequency-independent permittivity, and a
metal, with the simple plasmalike permittivity
"m!#" = "m!%" −
#p
2
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For now, we assume that the materials are nonabsorbing. The
resulting dispersion relation is plotted in Fig. 4. We can iden-
tify two distinct bands from the figure. In the lower, "x is
negative, while "z is positive; the signs are reversed in the
FIG. 2. !Color online" The dielectric permittivity of the metama-
terial constructed from layers of silver and silica. This and the fol-
lowing graph show the real and imaginary parts of the in-plane and
perpendicular components of the permittivity for different layer
thickness ratios; in this case, != 23 , which means that the layers of
silica are one and a half times as thick as the layers of metal.
FIG. 3. !Color online" The effective permittivity when !=1.5.
The silver layers are now thicker, and the amount of absorption has
increased: the imaginary parts of the permittivity are now larger.
However, the real parts are also correspondingly larger in
magnitude.
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(a) (b)
Fig re 2.5: (a) Real and imagi ary parts of the in-plane εx and perpe dicular εz
permittivity components for a Ag/SiO2 multilayer with filling rati p = 0.4 and (b)
p = 0.6. Reproduced from Ref. [33].
ML HMMs are fabricated by el ctron-beam or sputter deposition in vacuum
of bot the metallic and non-metallic constituents. Fig. .7 shows a most recently
demonstrated ML HMM of superior quality, fabricated with sputtering technology. The
choice of mat rials depends on the target spectral range, on losses and on the impedance
match. The latter requires that the absolute values of ε′d and ε
′
mdo not differ by more
than an order of magnitude, in whi h case radiation comi g from the dielectric side
is reflected instead of propagating. The plasma frequencies of Ag and Au fall in the
ultraviolet, at 9.2 and 8.9 V [38]. Below thos values, th real part of permittivity
of such plasmonic metals beco es negative, and i cr s s in magnitude as frequ ncy
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Figure 3. EMT predicts that a metal–dielectric composite can behave as an effective dielectric, effective metal, type I HMM or type II
HMM depending on the wavelength and fill fraction of the metal. Optical phase diagrams for (a) Ag/Al2O3 multilayer system, (b) Ag/TiO2
multilayer system, (c) AlInAs/InGaAs multilayer system in the mid-IR region and (d) silver nanowires in an alumina matrix.
throughput. One of the options is titanium dioxide (TiO2)
in the visible spectrum which has a high dielectric constant.
Close to UV wavelengths, however, TiO2 has high absorption
and so alumina (Al2O3) becomes a better alternative. In
figure 3, we show the optical phase diagram for the hyperbolic
metamaterial where the effective medium response is plotted
with the wavelength and the fill fraction of metal. We consider
both the multilayer and nanowire designs as well as visible
and mid-IR wavelength ranges. The design and operating
point for specific applications can be chosen from this graph.
We note that all structures show both type I and type II
hyperbolic metamaterial behavior in a broadband wavelength
region. This is primarily because of the non-resonant nature
of the desired electromagnetic response. The homogenization
also predicts this metal–dielectric mixture to behave like
an effective metal or effective dielectric where interesting
properties are not expected. The transitions between the
various surfaces in k-space occur within the borders of the
different colored regions in the graphs [27]. The transition
point where the four effective materials meet represents the
plasmon resonance of the metal–dielectric composite.
2.3. How effective is effective medium theory (EMT)?
A natural question arises whether the optical phases and
hyperbolic isofrequency surfaces predicted by effective
medium theory are achievable in the practical structure.
Homogenization is only valid when the wavelength of light
is much larger than the unit cell of the metamaterial. In
hyperbolic metamaterials, the interesting properties arise due
to propagating waves that have an effective wavelength
inside the medium which is much smaller than the free
space wavelength (high-k states). We therefore compare the
results of effective medium theory and a practical multilayer
realization of the hyperbolic metamaterial to validate the
predictions. Throughout this review, we consider the effect
of absorption, dispersion, unit cell size, total sample size
and also the role of the substrate. Our conclusions apply
for applications in imaging as well as quantum optics
and, therefore, should guide experimentalists to choose the
optimum design for an experiment.
2.3.1. Propagating and evanescent wave spectrum. Routine
characterization of metamaterials proceeds by measurement
of both the phase and amplitude of the reflected light.
Ellipsometric characterization along with the knowledge of
the uniaxial nature of the multilayer or nanowire structure
can uniquely identify the components of the dielectric tensor.
We note that type I HMMs always have lower reflections
than type II because of the positive tangential component
of the dielectric constant. Comparing the reflected spectrum
of propagating waves in the insets of figure 6, we see a
good match between the effective medium predictions and
the practical multilayer structure for both type I and type
II metamaterials. Irrespective of the fill fraction, excellent
agreement is obtained as long as the unit cell is significantly
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(c) (d)
Figure 2.6: Optical phase diagrams for (a) a Ag/Al2O3 multilayer system, (b) a Ag/TiO2
multilayer syste , (c) an AlInAs/InGaAs mult layer system a d (d) Ag owires in n
Al2O3 matrix. Reproduced from Ref. [32].
progressively decreases. Throughout the ultraviolet and visible regions, on one hand
losses are limited, and on the other hand the relatively s all ε′m can be impedance-
matched with the ε′d of poorly absorbing di lectrics such as Al2O3 and TiO2. When
moving to the infrar d, the real part of permittivity i metals become so negative that it
auses an impedanc mi match with any other media. Therefore, Ag and Au need to be
replac d wit sem conductors, hos plasma frequ ncy falls in the infrared a d can be
controlled by doping. Accordingly, in ri sic semiconductors play the role of dielectrics
[45].
Alternative plasmonic materials for optical applications have been proposed to
operate in the near-infrared and mid-infrared range [38, 46], while graphene was predicted
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emission for isotropic dipole emitters placed at different locations
on uniform and nanopatterned Ag–Si HMMs at l¼ 600 nm.
Data corresponding to the dashed lines are replotted in Fig. 3c,d
for a direct comparison of the characteristics on different substrates.
The Purcell enhancement for a uniform HMM is known to decay
exponentially away from the substrate, that is, along the z-axis.
The introduction of nanopatterning in uniform HMMs leads to
new variations in the Purcell factor in the x–y plane. The nanopat-
terned HMM retains a similar trend in Purcell enhancement at x–y
locations away from the nanoslit, but has weak enhancement close
to the nanoslit opening due to effectively larger emitter–metamater-
ial distances. At dipole locations 1, 2 and 3 (Fig. 3a), the Purcell
factor as a function of emission wavelength (Fig. 3e) further illus-
trates the local plasmonic DOS and the spectral similarity between
uniform and nanopatterned multilayer HMMs, whereas the
Purcell enhancement close to the sidewall of the nanoslit shifts to
longer wavelengths because of the anisotropic material property of
the multilayer HMMs.
Thanks to the outcoupling effect of the grating, radiative emis-
sion is significantly enhanced on nanopatterned multilayer
HMMs compared with uniform ones, as shown in Fig. 3b (for
calculation details see Supplementary Section 2). The radiative
emission on the uniform HMM is almost invariant with emitter–
metamaterial distance, whereas on the nanopatterned multilayer
HMM it has strong enhancement close to the surface of the
HMMs where higher plasmonic DOS is available for outcoupling
(see the mapping of the Purcell factor in Fig. 3a). The corresponding
spectra of radiative enhancement for dipole locations 1′, 2′ and 3′
(Fig. 3b) are also shown in Fig. 3f. In comparison with the
uniform HMM, radiative emission on the nanopatterned HMM is
improved by over 100% at the peak wavelength, which will lead to
the same improvement in the external quantum efficiency of
dipole emitters (Supplementary Fig. 1). It is worth noting that the
radiative enhancement factor relies on the geometry of the nanopat-
terns (see also Fig. 5).
To identify, experimentally, the Purcell enhancement of the mul-
tilayer HMMs, the lifetime of R6G dye molecules on various
samples was measured and compared by time-resolved photolumi-
nescence in a two-photon microscope system (see Methods).
Figure 4 shows the measured time-resolved fluorescence decay
curves (open circles), with peaks normalized to unity, for R6G on
both nanopatterned Ag–Si HMM (Fig. 4,iv) and Ag grating
(Fig. 4,ii) substrates. The lifetime of R6G in methanol solution (as
a reference) was determined to be 3.8 ns according to the corre-
sponding decay curve (black circles), which agrees well with the
typical value in the literature25. Unlike the case of R6G in methanol,
the decay rate for the nanopatterned Ag–Si HMM and the Ag
grating cannot be fit by a single-exponential function, because the
detected fluorescence signals arise from the collective responses of
the molecules randomly distributed in polymethyl methacrylate
(PMMA) (Fig. 1a). For the nanopatterned Ag–Si HMM sample
with a period of 200 nm, the fluorescence intensity initially decays
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Figure 1 | Nanopatterned multilayer HMMs. a, Schematic configuration of nanopatterned multilayer HMMs on a glass substrate. The multilayers consist of
Ag–Si stacks (thickness of each layer, 10 nm; total thickness H, 305 nm). Grating patterns with different periods are formed in the multilayers by FIB milling.
The R6G dye molecules mixed in PMMA are spin-coated onto the surface to a thickness of h¼ 80 nm. b, SEM image of one of the fabricated nanopatterned
HMMs (period a¼ 200 nm; width w¼ 40 nm). Inset: tilted-angle SEM image of the grating nanostructure. c, Dark-field STEM images of the cross-sections
of Ag–Si multilayers under different magnifications, showing well-formed periodic lattice structures (each layer thickness, "10 nm). The white colour
corresponds to Ag and the black to Si. d, Element mapping for the constituent materials (Si and Ag), verifying the established multilayer lattice with some
minor diffusion of Ag into Si.
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(a) (b)
Figure 2.7: (a) Dark-field STEM i ages of the cross-s ctions of Ag/Si multilay rs,
deposited by DC magnetron sputtering, showing well-formed periodic lattice structures
(filling ratio ρ= 0.5, period 20 nm). The white color corresponds to Ag, the black one
to Si. (b) Element mappin for the constitu nt m terials (S and Ag), verifying he
established multilayer lattice with some minor diffusion of Ag into Si. Reproduced
from Ref. [18].
to induce a tunable hyperb lic response at THz requencies [47, 48, 49, 50, 51]; SiC/SiO2
layered media, which derive their anisotropy from phononic resonances [52], are currently
being vestigated for thermal engi eering of the near field [53, 54]. Table 2.1 collects
the experimentally demonstrated material combinations that lead to MLs with hyperbolic
properties.
We observe that Eqs. (2.16) and (2.17) only depend on the filling ratio p, dis-
regarding the period. This is because such approximations are obtained in the limit of
vanishing thicknesses of the constituent layers. Strictly speaking that situation should
be treated in a different way, since quantum size effects induce in metals a spatial dis-
p rsion, in ddition to the ordinary temporal dispersion (so that εm b omes a function
not only of the frequency ω, but also of the wavevector k), which alters their hyperbolic
character [66, 67, 68, 69, 70, 71, 72, 73]. We shall analyze the implications of extremely
reduced sizes in Subsection 2.4.1. As a rule of thumb, in metal layers thicker than 5nm
spatial dispersion can be neglected. A practical criterion for Eqs. (2.16) and (2.17) to be
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Table 2.1: Material combinations for the fabrication of multilayer hyperbolic metama-
terials.
Range Materials Period [nm] p N. of periods Reference
UV Ag/Al2O3 70 0.5 8 [9]
Visible
Au/Al2O3 38 0.5 8 [55, 56, 57]
Au/Al2O3 40 0.5 8 [58]
Au/Al2O3 43 0.35 10 [59]
Au/TiO2 48 0.33 4 [60]
Ag/PMMA 55 0.45 10 [61]
Ag/LiF 75 0.4 8 [61]
Ag/MgF2 50 0.4 8 [61]
Ag/MgF2 60 0.42 7 [62]
Ag/TiO2 31 0.29 5 [43]
Ag/Ti3O5 60 0.5 9 [63]
Ag/SiO2 30 0.5 3 [31]
Ag/Si 20 0.5 15 [18]
IR
AlInAs/InGaAs 160 0.5 50 [45]
Al : ZnO/ZnO 120 0.5 16 [64]
Ag/Ge 50 0.4 3 [65]
applicable is that the ML period must be much smaller than the wavelength of operation
(thereby preventing radiation from perceiving optical discontinuities); a more accurate
description, that includes the dependence on layer thickness in a second order term, was
adopted in [56]. In real media, fabrication poses a limit to the number of periods that can
be stacked while preserving an actual ML structure; a total of eight layers was estimated
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to be the threshold to observe the predictions of the EMT [32], although as little as six
layers were shown to achieve an effective hyperbolic behavior [65, 31].
To determine EMT parameters for NW media is not as straightforward as for
MLs, since the homogenization adopted strongly depends on the frequency range of
interest. Spatial dispersion cannot be neglected [74, 75, 76] and leads to non-hyperbolic
isofrequency contours, except in the optical region, where it is reduced by the kinetic
inductance and by the losses of the metallic constituent [77, 78]. With a z axis orientation
parallel to the wires, the effective permittivity tensor takes the form [79, 35, 80, 81]:
εxx = εyy =
[(1+ p)εm+(1− p)εd]εd
(1− p)εm+(1+ p)εd (2.18)
εzz = pεm+(1− p)εd, (2.19)
where this time p is the percentual area occupied by NWs in an xy section of the medium.
As for ML HMMs, the response of NW media can be tuned to different regimes by
varying ω and p (Fig. 2.6(d)); an example of effective parameters for two typical filling
ratios is shown in Fig. 2.8.
Due to the extremely high aspect ratio, most of the practical NW HMMs are
fabricated by electrochemical deposition of Ag or Au inside a self-assembled porous
alumina (Al2O3) template [82, 83, 84, 79, 36]. The geometrical features of such matrix,
prepared by electrochemical anodization of Al, can be finely tailored via multiple fabrica-
tion parameters or through extra steps (such as focussed-ion-beam (FIB) pre-patterning),
ensuring the formation of ordered and extremely dense pores (Fig. 2.9). Table 2.2 reports
the characteristic sizes of Al2O3 templates, together with other possible material choices
for the host matrix. Arrays of carbon nanotubes in the metallic state have been proposed
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Fig. 2. Effective permittivities for silver nanowires embedded in an alumina matrix with two 
different filling ratios. (a) and (b) plot the real part of the permittivity parallel and 
perpendicular to the nanowire, respectively. (c) and (d) are the corresponding imaginary parts.  
3. General theory of all-angle negative refraction by indefinite media 
Now let us consider the electromagnetic (EM) wave propagation in a nonmagnetic uniaxial 
material with the electric permittivity tensor given by 
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The general format for the electric field and magnetic field of a plane wave with frequency ω  
and wave vector k can be written as  
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Figure 2.8: Ef ective permittivities f r Ag nanowires embedded in an Al2O3 matrix
with two different filling ratios p. (a) and (b) plot the real part of the permittivity parallel
and perpendicular to the nanowire, respectively. (c) and (d) are the corresponding
imaginary parts. Reproduced from Ref. [35].
as an alternative to the template-NW scheme, thanks to their capability to quench spatial
dispersion and the high degree of control of their growth [85].
The chemical processes and the self-organizational mechanisms through which
porous templates are manufactured confer on NW HMMs an advantage over their ML
counterparts, in terms of ease and cost of fabrication. Besides their potential application
in imaging as negatively refracting materials [35, 36, 86] and in spontaneous emission
engineering [87], these media have been demonstrated to be superior biosensors [88]. A
guided mode can be excited under resonant conditions in an assembly of Au nanorods,
either embedded in an Al2O3 template or free-standing, in contact with the liquid to
analyze. In analogy to conventional SP-based devices, an increase in the refractive
index causes a redshift of the resonance, but with a sensitivity two order of magnitude
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higher (32,000 nm per RIU). In addition, the probe depth is large (500 nm), and the
discontinuous porous nanotexture of the nanorod matrix allows degrees of freedom in
experiment design unaccessible with uniform plasmonic films.
(a) (b)
Figure 2.9: SEM images of the earliest experimentally demonstrated nanowire hyper-
bolic metamaterial, consisting of Ag nanowires electrochemically plated in an anodic
aluminum oxide (AAO) template. (a) Top view and (b) cross section of the nanowires
(light gray regions), with a diameter of 60 nm and a center-to-center distance of 110 nm.
Scale bars: 500 nm. Reproduced from Ref. [36].
Table 2.2: Main parameters of nanoporous matrices made of Al2O3, AIIIBV semi-
conductor compounds and porous-Si by electrochemical etching. Reproduced from
Ref. [78].
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controllable parameters [ 63 , 72 ] which makes them appropriate for 
mass production. [ 64 ] The main drawback of these matrices is a 
limitation in the parameters of the porous layers without a loss 
of structural perfection. In order to improve the structure of the 
porous matrix fabricated by electrochemical etching it is pos-
sible to use template masks. [ 83 , 84 ] 
 The matrices of porous silicon (Si) have been intensively 
studied in the literature. [ 71 ] Parameters of por-Si can be varied 
in a wide range without a noticeable loss of the structural per-
fection of nanopores [ 69 ] and macropores. [ 70 ] Another material 
in which nanoporous matrices can be created is A III B V semi-
conductors. [ 66 , 70 ] In this case the anodic electrochemical etching 
offers very unique set f arameters: the ratio of length to 
diameter of pores greater than 10 000, the thickness of porous 
matrices up to 150  µ m and more. [ 67 ] Using different orienta-
tions of the original semiconductor crystal, etching regimes and 
types of electrolyte, one can control the pores parameters such 
as a propagation direction, depth, size, and shape of pores. [ 65 , 66 ] 
The advantage of using A III B V semiconductors compared to 
Si and Al 2 O 3 is that most of A III B V have a direct bandgap, [ 85 ] 
a much stronger nonlinearity near the fundamental absorption 
edge, and they are transparent in the visible range (e.g., GaP 
and AlGaP). [ 86 ] 
 An alternative to chemical methods of nanoporous matrix 
manufacturing is based on the use of track membranes made 
of different dielectrics (mostly polym rs) under the infl uence of 
ion beams. [ 87 ] 
 For some applications, e.g., for frequency 
fi ltering of wave beams, there is a need to 
suppress the spatial dispersion in wire media 
in the radio frequency range. It is possible 
using special design solutions. For example, 
in grounded layers of normally oriented 
metal pins (so-called Fakir’s bed-of-nails), 
the spatial dispersion plays an important 
role, and is often harmful. Using the mirror-
image principle, the Fakir’s bed-of-nails 
can be considered a layer of wire medium 
with double thickness. In boundary prob-
lems, the spatial dispersion in wire medium 
layers manifests through so-called additional 
boundary conditions, which become a key 
prerequisite for the correct solution to the 
problem. [ 73–75 ] However, if we modify the 
ends of the pins in the Fakir’s bed-of-nails 
by putting metal patches on them, the spa-
tial dispersion becomes smaller and prac-
tically disappears when the slits between patches are narrow 
enough. [ 76 , 77 ] Another factor which may lead to the suppres-
sion of spatial dispersion in optically thin layers of normally 
arranged wires is a high permittivity of the host dielectric. [ 77 ] 
 So, spatial dispersion in wire media can be suppressed by 
some natural physical effects (high permittivity of the host 
medium, kinetic inductance) and by artifi cial modifi cation 
loading of the wire media. Thus, all wire media can be split into 
two groups: wire media with and without strong spatial disper-
sion. The last group (for the case of simple wire media) refers 
to the class of indefi nite materials. 
 3. Fabrication of Micro- and Nanostructured Wire 
Metamaterials 
 Wire metamaterials operating at radio and microwave frequen-
cies can be designed by mechanical assembling of metallic 
wires into arrays. However, for WMMs operating in the THz, 
IR, and visible domains, the most promising techniques of 
manufacturing include self-organization processes which 
obviously determine the structural characteristics of metal 
nanowires. An example of such technology is the method 
of anodic electrochemical etching, which allows one to make 
a nanoporous matrix of semiconductors [ 66 , 70 , 71 ] and dielec-
trics. [ 78 , 79 ] The pores of matrices can be fi lled with different 
materials, for example, metals. This makes such matrices a 
basis for many composite dielectric-dielectric, metal-dielectric, 
metal-semiconductor, and semiconductor-dielectric structures. 
They are also suitable for free-standing aligned metallic nano-
rods produced by removing the walls of the fi lled matrix, [ 80–82 ] 
as shown in  Figure  7 (a). 
 The main parameters of porous matrices of different types 
of materials produced by anodic electrochemical etching are 
shown in  Table  1 .  Figure  8 shows typical porous matrices 
formed by Al 2 O 3 , por-Si, and A III B V . 
 The most widely used nanoporous matrices are fabri-
cated by anodization of aluminum. [ 78 ] These nanoporous alu-
mina Al 2 O 3 matrices have structural perfection [ 61 ] and easily 
 Figure  7 .  The wire metamaterials made using nanoporous templates: (a) Free-standing array of 
gold nanowires. (b) Nanoporous matrix of Al 2 O 3  fi lled with gold. (a) Reproduced with permis-
sion. [ 80 ] Copyright 2008, Elsevier. (b) Reproduced with permission. [ 82 ] Copyright 2005, American 
Chemical Society. 
 Table  1.  The main parameters of nanoporous matrices made of Al 2 O 3 , 
A III B V , and por − Si by electrochemical etching. This table lists only the 
parameters suitable for the creation of wire metamaterials, i.e., matrices 
in which there is no loss of the short-range order and of the structural 
perfection. 
Material Pore diameter Pore wall thickness Thickness of 
matrices
References
Al 2 O 3 20–70 nm 15–30 nm  > 2  µ m  [ 61–64 ] 
A III B V 20–500 nm 10–100 nm  > 150  µ m  [ 65–67 ] 
Si 10 nm–several  µ m 10 nm–several  µ m  > 400  µ m  [ 68–71 ] 
Adv. Mater. 2012, 24, 4229–4248
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2.3 Applications
2.3.1 High-resolution imaging and lithography
Light emitted or scattered off an object can be can be thought of as a Fourier
superposition of plane waves. Low k-vector components of the spatial spectrum encode
large geometric features, while high k-vectors describe finer details. In an isotropic
medium, characterized by bounded isofrequency contours, momenta larger in magnitude
than k0 correspond to evanescent waves: therefore, they are forbidden from propagating
into the far-field, which results in loss of information. This phenomenon, known as
diffraction limit, causes resolution in conventional imaging devices to be limited to
distances R > (0.61λ)/NA (Rayleigh criterion), where NA is the numerical aperture of
the imaging system [24].
The technological challenge for high-resolution microscopy is to recover in the
far-field the evanescent components of the spectrum [89]. Different approaches have been
proposed based on near-field optical scanning [90], fluorescent imaging [91] or stochastic
optical reconstruction imaging [92], with the common disadvantage of low throughput
and speed. An extremely thin Ag slab can act as a superlens, which enhances evanescent
waves via resonant excitation of surface plasmons [93, 94, 95]. The non-propagating
nature of these components stays inaltered while they are transmitted through the metallic
medium, so that a coupling element is ultimately required to scatter them into the far-field.
HMMs offer a completely new paradigm to tackle the problem [96]. Their unique
anisotropic dispersion naturally supports high k-vector components without relying
on resonant mechanisms (intrinsically limited in frequency, and detrimental to image
formation due to absorption losses), and makes them ideal candidates not only to read
but also to write nanoscale information.
Fundamental phenomena such as negative refraction [97, 98, 99, 36, 100] and
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partial focusing of radiation [101, 102, 103, 31] make clear the impact of HMMs on
the field of imaging. The experimental efforts to shape hyperbolic media into imaging
devices resulted in the invention of the hyperlens, that we discuss together with its
numerous developments and implications in the following two subsubsections.
Hyperlens
Any plane wave illuminating an object can be written as an expansion of cylindri-
cal waves,
exp(ikx) =
∞
∑
m=−∞
imJm(kr)exp(imφ), (2.20)
where i is the imaginary unit, k is the magnitude of the wavevector, Jm(kr) denotes
the Bessel function of the first kind, m is the angular momentum mode number of
the cylindrical wave and r,φ are cylindrical coordinates (distance from the origin and
azimuthal angle) [104]. In an ordinary isotropic medium, the radial component of the
electric field decays exponentially at the origin as m becomes higher (Fig. 2.10(a)). The
conservation of angular momentum, m = kθr, implies indeed that a progressively smaller
distance r from the center corresponds to a larger tangential wavevector component kθ.
In order for the isotropic dispersion relation
k2r + k
2
θ = ε
ω2
c2
(2.21)
to be satisfied, the arbitrary growth of kθ necessarily results in an imaginary radial
component kr, and therefore in a mode evanescent near the origin. On the other hand,
in a hyperbolic medium with strong cylindrical anisotropy – radial permittivity εr < 0,
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Fig. 2. (a) Scattering of an incident plane wave by a target (yellow object) can be repre-
sented as scattering of various angular momentum modes (the regions of high intensity are
shown in black and low intensity in white). Higher order modes are exponentially small at
the center (b). This results from an upper bound on values of kθ and the formation of the
caustic shown in red in (c).
The hyperlens utilizes cylindrical geometry to magnify the subwavelength features of imaged
objects so that these features are above the diffraction limit at the hyperlens output. Thus, the
output of the hyperlens consists entirely of propagating waves, which can be processed by
conventional optics. Furthermore, our simulations show that material losses do not appreciably
degrade the performance of the proposed device due to its non-resonant nature.
2. Angular Momentum States as Information Channels
Conventional lenses image objects by applying an appropriate phase transformation to the prop-
agating waves, bringing them to focus at a certain distance beyond the lens. However, a con-
ventional lens does not operate on the evanescent waves emanating from the object. As such,
the evanescent fields are lost. This apparent loss of information restricts a regular lens from
reconstructing the image of an object with a resolution better than λ/2. Converting the evanes-
cent waves to propagating waves without mixing is the key to extracting the subwavelength
information in the far field.
In traditional discussions of imaging, waves scattered by the object are examined in a mono-
chromatic plane wave basis with a wide spectrum of spatial frequencies. The choice of basis,
however, is dictated by the symmetry of the object under consideration and/or by convenience.
Mathematically, the problem can be equivalently treated in a basis of cylindrical waves. In par-
ticular, any plane wave illuminating an object can be expanded in a basis of cylindrical waves
as
exp(ikx) =
m=∞
∑
m=−∞
imJm(kr)exp(imφ), (1)
where Jm(kr) denotes the Bessel function of the first kind andm is the angular momentum mode
number of the cylindrical wave [this decomposition is illustrated schematically in Fig. 2(a)]. In
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Fig. 4. (a) High angular momentum states in an isotropic dielectric cylinder (b) High an-
gular momentum states in a cylinder made of εθ > 0, εr < 0 metamaterial (in the effective
medium approximation); note that the field penetrates to the center.
the medium under consideration these states are propagating waves, they can carry information
about the detailed structure of the object to the far field. Our proposed device, thus, enables
extra information channels for retrieving the object’s subwavelength structure. In the absence
of the device, the high angular momentum modes representing these channels do not reach the
core and as such carry no information about the object.
The resolution of our device (which we refer to as the hyperlens) is determined by the effec-
tive wavelength at the core and is given by
∆ ∝ RinnerRouter
λ . (7)
4. Achieving the Cylindrical Anisotropy: Metacylinder Realizations
Cylindrical anisotr py is known in the m chanical properties of ree bark [15], but there exist no
natural materials with the desir d cylindrical anisotro y i the dielectric response. However, the
required anisotropy can be attained using metamaterials, e.g. a hollow core cylinder consisting
of ‘slices’ of m tal and dielectric or lternating concentric layers of metal and di lectric (Fig. 5).
The layer thickness h in each of these structures is much less than the wavelength λ and when
h! λ ≤ r we ca eat this finely structured terial as an effectiv medium with
εθ =
εm+ εd
2 (8)
εr =
2εmεd
εm+ εd
, (9)
where εm and εd denote the dielectric permittivities of the metal and dielectric layers respec-
tively. A low loss cylindrically anisotropic material can also be achieved by metallic inclusions
in a hollow core dielectric cylinder.
As described in the previous section, the core of the hyperlens has access to high angular
momentum states, which are the far-field subwavelength information channels. The effective
wavelength near the core is much less than the free space wavelength. Thus, an object placed
inside this hollow core near the periphery will form an image just outside the cylinder with
resolution better than λ/2.
It should be noted that the polar dielectric permittivities are ill defined at the center and
any practical realization of cylindrical anisotropy, such as metamaterial structures, can only
closely approximate the desired dielectric permittivities away from the center (when r ≥ λ ).
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Fig. 5. Possible realizations of metacylinders. Concentric metallic layers alternate with di-
electric layers (a) or radially symmetric “slices” alternate in composition between metallic
and dielectric (b) to produce (εθ > 0, εr < 0) anisotropy. This results in a hyperbolic dis-
persion relation necessary for penetration of the field close to the center.
Furthermore, the effective edium equations are not valid close to the center and thus singu-
larities exhibited by Eq. 6 as r→ 0 are not present in any physical system with R inner ∼ λ . For
Rinner ≥ λ , however, as we shall see in the following section, the effective medium description
is adequate.
5. Num ri al Simulations
As f llows from the preceding discussion, close to the core one cannot rely on the effective
medium approximation. Therefore we adopt a numerical approach of solving Maxwell’s equa-
tions in a hollow core cylinder con isting of alternating layers of metal and dielectric [Fig. 6(a)].
As expected from the theoretical analysis in Section 3, the numerical simulations show that
high angular momentum states do indeed penetrate close to the core [Fig. 6(b)]. Also note
that this penetrating nature is in sharp contrast to the peripheral behavior of a high angular
momentum state with the same mode number in a uniform dielectric hollow core cylinder
[Fig. 6(c) and (d)].
To study the imaging characteristics of our device we consider two sources kept inside the
core of the hype lens [Fig. 7(a)], se arated by a distance below the diffraction limit. The corre-
sponding intensity pattern is shown in Fig. 7(b) in false color. Note that a conventional optical
system cannot resolve such a configuration of sources. The simulation solves for the actual elec-
tromagnetic field in each layer taking into account the losses in the metal. The highly directional
natu of the beams from two sources placed a distance λ/3 apart allows for the resolution at
the uter surface of the hyperlens. Furthermore, the separation between the two output beams
at the boundary of the device is 7 times the distance between the sources and is bigger than
the diffraction limit, thereby allowing for subsequent processing by conventional optics. This
ma nification correspo ds to the ratio of the outer and inner radii, and is a consequence of
cylindrical symmetry, together with the directional nature of the beams.
To further improve the performance of the proposed system, this hyperlens (which is essen-
tially an evanescent wave to propagating wave converter) can be combined with an evanescent
wave enhancer [2, 16] (inner core coating of Re[ε] ≈ −1 ) to yield higher resolution in the far
field. We illustrate this by simulating two sources placed at a distance λ/4.5 apart (λ = 365
nm) inside a hyperlens made of 160 alternating layers of silver (ε = −2.4012+ 0.2488i [16])
and dielectric (ε ≈ 2.7), each 10 nm thick. The intensity distribution at the source is shown
in Fig. 8(a), whereas the intensity distribution just outside the hyperlens is shown in Fig. 8(b).
The two sources are clearly resolved, even though the distance between them is clearly be-
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Figure 2.10: (a) Cylindrical wav expansio of a plane wave scattered by a target
(yellow object). The regions of high elec ric field intensity are shown in black, those
of low intensity in white. (b) High angular momentum state in an isotropic dielectric
cylinder and (c) in a cylinder made of an effective hype bolic medium with εr < 0
and εθ > 0. (d) Possible realization of a hyperlens, consisting in alternating concentric
m t ll /diel ctric layers. Reproduced from Ref. [104].
tangential permittivity εθ > 0 – kr and kθ are connected y
k2r
εθ
− k
2
θ
|εr| =
ω2
c2
. (2.22)
Th s dispersion is unbounded, so th t now a kθ increases toward the center, kr also
i creases, staying real for any value of r and m. As a consequence, high-m modes are
allowed to reach the origin, and access small object fea ures. The comparison between
the field distribution in an isotropic medium (Fig. 2.10(b)) and i a metamaterial with
cylindrical hyperbolic anisotropy (Fig. 2.10(c)) shows that in the second case not only
the mo e penetrates toward the cent r, ut also that the istance between the fi ld nodes
at the core gradually decreases, enabling sub-wavelength probing of spatial details.
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A practical configuration that exploits the cylindrical dispersion (2.22) is obtained
by bending a flat multilayer into a hollow core cylinder like the one in Fig. 2.10(d).
This device can act as a hyperlens, in that it turns sub-wavelength objects inscribed on
its inner walls with radius Rin into magnified images on the outer surface with radius
Rout . Such behavior is made possible by two simultaneous mechanisms. The first is
the propagation of high k-vector waves, which the hyperbolic environment prevents
from becoming evanescent. The second is the compression of the tangent wavevector
component kθ as the waves travel along the radial direction, dictated by the angular
momentum conservation (kθ ∼ 1/r). This near-to-far field conversion of information
from the internal to the external boundary of the cylinder results in a magnification factor
simply given by the ratio Rout/Rin [104, 105].
The first experimental implementation of a hyperlens was optimized for ultraviolet
frequencies [9, 106]. It consisted of a curved stack of 16 alternating Ag and Al2O3 layers,
each 35 nm thick, deposited by electron-beam evaporation on a half-cylindrical quartz
mold (Fig. 2.11). Sub-diffraction limited objects were inscribed into a 50-nm-thick
Cr layer located at the inner surface, and - upon illumination at the wavelength λ0 =
(a) (b)
Figure 2.11: (a) SEM image of the cross section of the cylindrical hyperlens. Bright
and dark layers correspond to Ag and Al2O3 respectively, while the topmost thick and
bright layer is Cr. (b) Zoomed detail of the white dashed square in (a). Reproduced
from Ref. [106].
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Far-Field Optical Hyperlens Magnifying
Sub-Diffraction-Limited Objects
Zhaowei Liu,* Hyesog Lee,* Yi Xiong, Cheng Sun, Xiang Zhang†
The diffraction limit of light, which iscaused by the loss of evanescent wavesin the far field that carry high spatial
frequency information, limits the resolution of
optical lenses to the order of the wavelength of
light used to image the object. Projecting a sub-
diffraction-limited image into the far field
would require recovery of the evanescent waves.
A metamaterials-based superlens offers that
possibility (1). Although slablike superlenses
have demonstrated sub-diffraction-limited res-
olution (1–4) imaging in the near field, mag-
nification of subwavelength features into the
far field has not been possible. It was proposed
that a magnifying superlens could be con-
structed by using cylindrical metamaterials (5, 6).
Recent theoretical studies on an optical hyper-
lens and a metamaterial crystal superlens have
proposed the use of an anisotropic medium
with a hyperbolic dispersion such that ordi-
nary evanescent waves propagate along the
radial direction of the layeredmetamaterial (7–9).
Microscopically, the large spatial frequency
waves propagate through coupled surface
plasmon excitations between the metallic lay-
ers (10, 11).
We demonstrate a magnifying optical hy-
perlens consisting of a curved periodic stack
of Ag (35 nm) and Al2O3 (35 nm) deposited on
a half-cylindrical cavity fabricated on a quartz
substrate (Fig. 1A). Sub-diffraction-limited ob-
jects were inscribed into a 50-nm-thick chrome
layer located at the in-
ner surface (air side).
The anisotropic meta-
material was designed
so that the radial and
tangential permittiv-
ities have different
signs. Upon illumina-
tion, the scattered eva-
nescent field from the
object enters the aniso-
tropic medium and prop-
agates along the radial
direction. Because of
the conservation of an-
gular momentum, the
tangential wave vectors
are progressively com-
pressed as the waves
travel outward, resulting
in a magnified image
at the outer boundary
of the hyperlens (7).
Once the magnified fea-
ture is larger than the
diffraction limit, it can
then be imaged with a
conventional optical mi-
croscope. We calculated
the electromagnetic field
in a metamaterials hy-
perlens by using the ac-
tual metal loss (Fig. 1A).
In our experiment,
the object imaged with
the hyperlens was a pair
of 35-nm-wide lines
spaced 150 nm apart
(Fig. 1B). The magni-
fied image (350-nm
spacing) can be clearly
resolved with an optical microscope [numerical
aperture (NA) = 1.4], thus demonstrating magni-
fication and projection of a sub-diffraction-
limited image into the far field. In a control
experiment, the line pair object was imaged with-
out the hyperlens. The line pair could not be
resolved because of the diffraction limit (l/NA=
260 nm) (Fig. 1, B and C). Because the hyperlens
supports the propagation of a very broad spec-
trum of wave vectors, it can magnify arbitrary
objects with sub-diffraction-limited resolution.
The recorded image of the letters “ON” shows
the fine features of the object (Fig. 1D). The
subdiffraction resolution of 130 nmwas achieved
(fig. S1). Although this work deals with the
cylindrical hyperlens, it should be possible to
design a spherical hyperlens that can magnify in
three dimensions. Unlike near-field optical mi-
croscopy that uses a tip to scan the object, our
optical hyperlens magnifies a sub-diffraction-
limited image and projects it into the far field.
This experiment demonstrates the capability
of a hyperlens for sub-diffraction-limited im-
aging. The hyperlens magnifies the object by
transforming the scattered evanescent waves into
propagating waves in the anisotropic medium,
projecting a high-resolution image into the far
field. The optical hyperlens opens up exciting
possibilities in applications, such as real-time bio-
molecular imaging and nanolithography.
References and Notes
1. J. B. Pendry, Phys. Rev. Lett. 85, 3966 (2000).
2. N. Fang, H. Lee, C. Sun, X. Zhang, Science 308, 534 (2005).
3. T. Taubner, D. Korobkin, Y. Urzhumov, G. Shvets,
R. Hillenbrand, Science 313, 1595 (2006).
4. D. O. S. Melville, R. J. Blaikie, Opt. Express 13, 2127
(2005).
5. J. B. Pendry, S. A. Ramakrishna, J. Phys. Condens. Matter
14, 8463 (2002).
6. J. B. Pendry, Opt. Express 11, 755 (2003).
7. Z. Jacob, L. V. Alekseyev, E. Narimanov, Opt. Express 14,
8247 (2006).
8. A. Salandrino, N. Engheta, Phys. Rev. B 74, 075103 (2006).
9. A. A. Govyadinov, V. A. Podolskiy, Phys. Rev. B 73, 115108
(2006).
10. D. R. Smith, D. Schurig, Phys. Rev. Lett. 90, 077405
(2003).
11. B. Wood, J. B. Pendry, D. P. Tsai, Phys. Rev. B 74, 115116
(2006).
12. The authors thank E. Narimanov and Z. Jacob for fruitful
discussions and sharing their theoretical hyperlens paper,
which motivated this experiment. This work was supported
by the Army Research Office Multidisciplinary University
Research Initiative (MURI) program (grant no. 50432-PH-
MUR), Air Force Office of Scientific Research MURI (grant
no. FA9550-04-1-0434), and the NSF NSEC under award
number DMI0327077.
Supporting Online Material
www.sciencemag.org/cgi/content/full/315/5819/1686/DC1
Materials and Methods
Fig. S1
9 November 2006; accepted 8 February 2007
10.1126/science.1137368
Fig. 1. Magnifying optical hyperlens. (A) Schematic of hyperlens and
numerical simulation of imaging of sub-diffraction-limited objects. (B)
Hyperlens imaging of line pair object with line width of 35 nm and spacing
of 150 nm. From left to right, scanning electron microscope image of the line
pair object fabricated near the inner side of the hyperlens, magnified hyperlens
image showing that the 150-nm-spaced line pair object can be clearly
resolved, and the resulting diffraction-limited image from a control experiment
without the hyperlens. (C) The averaged cross section of hyperlens image of the
line pair object with 150-nm spacing (red), whereas a diffraction-limited image
obtained in the control experiment (green). A.U., arbitrary units. (D) An
arbitrary object “ON” imaged with subdiffraction resolution. Line width of the
object is about 40 nm. The hyperlens is made of 16 layers of Ag/Al2O3.
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light used to image the object. Projecting a sub-
diffraction-limited image into the far field
would require recovery of the evanescent waves.
A metamaterials-based superlens offers that
possibility (1). Although slablike superlenses
have demonstrated sub-diffraction-limited res-
olution (1–4) imaging in the near field, mag-
nification of subwavelength features into the
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out the hyperlens. The line pair could not be
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croscopy that uses a tip to scan the object, our
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Fig. 1. Magnifying optical hyperlens. (A) Schematic of hyperlens and
numerical simulation of imaging of sub-diffraction-limited objects. (B)
Hyperlens imaging of line pair object with line width of 35 nm and spacing
of 150 nm. From left to right, scanning electron microscope image of the line
pair object fabricated near the inner side of the hyperlens, magnified hyperlens
image showing that the 150-nm-spaced line pair object can be clearly
resolved, and the resulting diffraction-limited image from a control experiment
without the hyperlens. (C) The averaged cross section of hyperlens image of the
line pair object with 150-nm spacing (red), whereas a diffraction-limited image
obtained in the control experiment (green). A.U., arbitrary units. (D) An
arbitrary object “ON” imaged with subdiffraction resolution. Line width of the
object is about 40 nm. The hyperlens is made of 16 layers of Ag/Al2O3.
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(a) (b)
(c) (d)
Figure 2.12: (a) Schematic of the cylindrical hyperlens with a numerical simulation
showing imaging of sub-diffraction limited objects. (b) Arbitrary object (the word
“ON”) imaged with sub-diffract on resolution. The width of the lines composing the
object is a out 40 nm. (c) Left to ight: SEM top view of a 150-nm-spaced line pair
object fabricated near the inner surface of the hyperlens, magnified image obtained
with the hyperlens that clearly resolves the object and diffraction-limited image from a
control experiment without the hyperlens. (d) Averaged cross-section of the object in
(c), imaged with (red curve) and without (green curve) the hyperlens. Reproduced from
Ref. [9].
30
365 nm - magnified at the outer boundary of the hyperlens, where they were detected
via a conventional imaging system with λ0/1.4 (corresponding to 260 nm) resolution
(Figs. 2.12(a) and 2.12(b)). A control experiment showed that in the absence of the
hyperlens the same objects could not be resolved by the same apparatus (Figs. 2.12(c)
and 2.12(d)). The device was able to image features as closely spaced as 125 nm,
therefore achieving a λ0/2.92 resolution [106].
This cylindrical prototype of hyperlens is impractical for imaging applications
since its magnification is limited to one dimension. The use of a spherical geometry in
combination with a different material choice allowed 2D resolution improvement in the
visible range [63]. The spherical hyperlens was fabricated by conformal deposition of 18
alternating layers of Ag and Ti3O5, all of equal thickness 30 nm, onto a hemi-spherical
quartz mold (Fig. 2.13). A high-index dielectric material such as Ti3O5 matches the larger
magnitude of permittivity of Ag in the visible, as compared to the ultraviolet, moving
accordingly the operational wavelength to that region [107]. Objects with different shapes
and configurations were inscribed in the inner side of the hyperlens and illuminated at
ARTICLE
??
NATURE COMMUNICATIONS | DOI: 10.1038/ncomms1148
NATURE COMMUNICATIONS | 1:143 | DOI: 10.1038/ncomms1148 | www.nature.com/naturecommunications
© 2010 Macmillan Publishers Limited. All rights reserved.
The resolution of conventional imaging systems is inherently restricted by the di!raction limit, wherein the spatial infor-mation of features smaller than one-half of the wavelength 
is evanescent and cannot be projected to the far "eld1,2. Although 
near-"eld scanning optical microscopy can surpass this limit by col-
lecting the evanescent "eld in close proximity to the object3,4, the 
slow scanning speed and non-negligible near-"eld perturbation 
from the scanning tip prevent its application in real-time imaging 
and biological systems. A superlens5, following Pendry’s proposal6, 
which projects the sub-di!raction-limited images at the near "eld of 
the lens, was the "rst step towards real-time sub-di!raction resolu-
tion imaging. #e major breakthrough emer ed with the concept 
of optical hyperlenses7–9, showing the "rst proof-of-principal for 
magnifying sub-di!raction-scale objects to the far "eld as propa-
gating waves. Using alternating dielectric and metallic layers in 
a curved geometry, this metamaterial-based optical device achieves 
strong optical anisotropy that supports the propagation of waves 
with very large spatial frequency and, because of the cylindrical 
geometry, adiabatically compresses its lateral wave vector while the 
wave is propagating outward along the radial direction7,10. Conse-
quently, the sub-di!raction details of the objects are magni"ed to 
be above the di!raction limit and can be transmitted to the far "eld. 
Since the "rst experimental demo st ation of the c lindrical hype -
lens in one dimension9, newly improved designs as well as fabrica-
tion techniques, such as the imped nce-matched11, $at12, blate13,14, 
aperiodic15 and acoustic16 hyperlenses, have been proposed in the 
framework of transformational optics17–19. Nevertheless, all the 
experimental demonstrations of hyperlenses so far were limited to 
one-dimensional magni"cation and ultraviolet (UV) wavelengths, 
whereas for any practical imaging applications it is critical to dem-
onstrate two-dimensional imaging, with resolution below the dif-
fraction limit in the visible spectrum.
Here, we present the "rst spherical hyperlens for two-dimen-
sional sub-di!raction-limited real-time imaging at visible frequen-
cies without the need for optical scanning or image reconstruction. 
Transforming scattered vanesc nt waves int  propagating waves, 
the hyperlens produces a magni"ed image at the far "eld, where it 
could be further processed by conventional optics. #e visible wave-
length operation with sub-di!raction resolution opens new avenues 
towards optical nanoscope and real-time biomolecular imaging in 
living cells.
Results
Design of the spherical hyperlens. #e spherical hyperlens is 
arranged in hemisphere geometry with alternating metallic and 
dielectric layers, as shown in Figure 1a with a cross section drawn 
in Figure 1b. When the thickness of each layer is much thinner than 
the wavelength of the incident light, the e!ective permittivity of 
the multilayer device can be described as the composite average, 
? ? ? ? ?r Ag Ti O Ag Ti O? ?2 3 5 3 5/  in the radial (normal to the metal-
dielectric interfaces) direction and ? ? ? ?? ?? ? ?Ag Ti O3 5 2/  in 
the tangential direction (along the metal-dielectric interfaces). r? , 
??  and ??  follow the conventional de"nitions of the radial, polar 
and azimuth directions, respectively, in spherical coordinates, 
as shown in Figure 1b. A small-positive ?θ together with a large-
negative ?r results in the propagation of a transverse magnetic wave 
being governed by a $at hyperbolic isofrequency contour shown 
in Figure 1c, which allows the propagation of waves with much 
larger spatial frequencies than in natural media. On the other hand, 
the transverse electric components, having no electric "eld along 
the radial direction, propagate through the hyperlens as a low-
index isotropic medium such that the non-zero spatial frequencies 
are "ltered out. Hence, the objects can only be magni"ed in one 
direction under linear polarized illumination. We overcome this 
restriction by illuminating the sample with unpolarized light, which 
contains transverse magnetic components spanning the whole 
tw -dimensional reciprocal sp ce, thus supporting propagation 
of sub-wavelength features in both dimensions. At the same time, 
the spherical geometry, along with the di!raction control enabled 
by the $at dispersion, result in a gradual magni"cation of the sub-
wavelength objects during the radial transmission, wherein the 
evanescent waves are adiabatically transformed into the propagating 
waves. Consequently, a magni"ed image is formed at the output 
plane of the hyperlens, which can be subsequently acquired though 
a conventional optical microscope.
Material and fabrication constraints. Visible wavelength operation 
requires a high-index dielectric material to match the magnitudes of 
permittivities in the metal and dielectric layers at the operation fre-
quency20. #erefore, we choose titanium oxide to be the dielectric 
material with a dielectric constant of 5.83 at 410 nm, whereas the 
permittivity of silver at this wavelength is  − 4.99 + 0.22i21. #e "ll-
ing ratio is chosen to be 1:1, with a layer thickness of 30 nm. #e 
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Figure 1 | Working principle of the spherical hyperlens. (a) Schematic of a spherical hyperlens comprised of nine pairs of silver and titanium oxide layers. 
(b) Cross section of the spherical hyperlens along the green incident plane. The object with sub-wavelength features is carved in a chromium layer atop 
the silver–titanium oxide multilayer (also shown in light blue in a). The transverse magnetic (TM) component of unpolarized light relative to the plane is 
labelled by K. (c) The isofrequency contour for the TM modes in the hyperlens compared with isotropic medium made of silicon oxide. The arrows, which 
are of unit length and on the ultraflat curve, show that all the k components (including those much larger than the wave vectors available in dielectrics) 
propagate along the same radial direction, indicating the lack of diffraction.
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ultimate resolution limit is set by the magni!cation as well as the 
thickness of each layer, below which the multilayer cannot be con-
sidered as an e"ective medium. Being  < 1/10 of the wavelength, 
the e"ective medium approximation is met, and the e"ective radial 
and tangential permittivities can be derived: ?r =  − 64 − 19.83i and 
?θ = 0.42 − 0.11i. %e high contrast between the radial and tangen-
tial permittivities results in an ultra&at unbound dispersion rela-
tion over a large range of wave vectors, allowing the sub-wavelength 
information to propagate in the hyperlens. %e fabrication process 
is schematically shown in Figure 2a–e. Initially, the half-spherical 
geometry of the hyperlens is formed by isotropic wet etching into 
the quartz substrate. Nine pairs of silver and titanium oxide thin !lm 
layers were subsequently deposited, with a layer thickness of 30 nm. 
Finally, the arbitrary sub-di"raction-limited features are inscribed 
on an additional chromium layer by focused ion beam milling to 
serve as objects for imaging. %e !nal structure is con!rmed by 
cutting a cross section of the spherical hyperlens (Fig. 2f).
Observation of resolution beyond the di!raction limit. %e 
hyperlens is placed in a transmission optical microscopy system 
such that it serves as an integral part of the microscope with the 
ability to deliver the sub-wavelength features into the propagation 
regime, where they can be collected by the objective lens. Figure 3 
depicts two sets of the magni!ed images of sub-di"raction-limited 
objects, obtained by CCD (charge-coupled device) camera at the 
image plane. %e objects shown in Figure 3a consists of two apertures 
of 100 nm diameter and a slot of 100 nm width, which are separated 
by 160 and 180 nm, respectively. %e magni!ed optical image on 
the hyperlens is shown in Figure 3b. %e result indicates that the 
separation of 160 and 180 nm is clearly resolved in the experiment, 
despite being below the di"raction limit of the 410 nm illumination 
wavelength. Figure 3c presents the cross section along the red line 
in Figure 3b, showing a measured distance between dots and bars 
of 346 and 363 nm, corresponding to magni!cations of 2.02–2.16. 
A di"erent object, made of three apertures located in triangular con-
!guration with 160, 170 and 180 nm spacing in three sides (Fig. 3d), 
is also clearly resolved at the far !eld (Fig. 3e); the separation of the 
two apertures is measured to be 333 nm in the cross-sectional analy-
sis shown in Figure 3f. Given the fabricated distance of 160 nm, the 
averaged magni!cation ratio is 2.08. %is ratio is smaller than the 
designed value, which is mainly because of non-conformal deposi-
tion and inaccurate thickness control of the layer, resulting in devia-
tion of the concentricity of the hyperlens and a position-dependent 
magni!cation power.
In addition, the hyperlens magni!es the image of the objects 
onto a spherical surface; the resulting distortions in subsequent 
conventional microscope image are shown in Figure 3b,d. Adapting 
thin-!lm deposition techniques with improved conformality, thick-
ness and roughness control can considerably improve the quality 
of the hyperlens, and in principle, these image aberrations can be 
compensated by introducing more corrections conventionally 
employed in lens design.
Figure 2 | Structure and fabrication procedure of the spherical hyperlens. 
(a) Chromium hard mask l yer is deposit d on a qua tz wa er.  
(b) Opening win ow is made. (c) Isotropic wet etching defines a half-
spherical geometry, and the ma k layer is removed. (d) A total of 18 layers 
are conformally deposited onto the hyperlens structure. (e) Chromium 
layer is deposited to engrave arbitrary objects. (f) A scanning electron 
microscope image of the cross-sectional view of spherical hyperlens.  
The multilayer stack is clearly seen. Scale bar, 500 nm.
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Figure 3 | Measurement with the magnifying hyperlens. (a) Scanning electron microscope (SEM) image of object 1: two 100 nm diameter dots separated 
by a 100 nm wide bar. The gap sizes are 180 and 160 nm. All scale bars shown in the figure are 500 nm. (b) Image taken of the object being magnified 
by the hyperlens. The sub-diffraction-limited objects were clearly resolved by the spherical hyperlens. Along the red dash line, a cross section is taken 
to calibrate the performance of the hyperlens. (c) Cross-sectional analysis showing separation by 363 and 346 nm, respectively, corresponding to ×2.1 
magnification. (d) SEM image of object 2: three dots positioned triangularly with gaps of 180, 170 and 160 nm. (e, f) Image and cross section of the object 
along the red line after being magnified.
(a) (b)
Figure 2.13: (a) Schematic of the spherical hyperlens: 9 Ag (30 nm)/Ti3O5 (30 nm)
periods, and a 50-nm Cr layer with two inscribed sample objects. (b) SEM image of the
cross section of the spherical hyperlens. Scale bar 500 nm. Reproduced from Ref. [63].
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λ0 = 410 nm. Two apertures separated by 160 nm generated images with a 333 nm
spacing, corresponding to an averaged magnification ratio of 2.08 (Fig. 2.14). The
performance of the spherical hyperlens is limited by defects in fabrication, resulting in
loss of concentricity of the layers and in a position-dependent magnification, and by the
curved outer surface of the device, which causes distortion in the subsequent far-field
image.
Besides the disadvantage just discussed, a curved geometry, based on which
the first hyperlens predictions were formulated [104, 108, 109], is hard to implement
in biological applications. As an alternative, planar configurations were proposed that
replaced both the inner and the outer (Fig. 2.15(a)) of just the outer (Figs. 2.15(b) and
2.15(c)) curved surface with parallel planes by redesigning the layer shape, or more
generally the space properties, via transformation optics [110, 111, 112, 113]. A hybrid-
superlens hyperlens, where an object on a flat input surface is imaged at a curved output
boundary, was recently investigated (Fig. 2.15(d)) [114]. An inherent limitation of
strongly anisotropic media is the huge impedance mismatch at the interface with low-
index dielectrics. To mitigate the in-coupling and out-coupling reflection losses of the
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ultimate resolution limit is set by the magni!cation as well as the 
thickness of each layer, below which the multilayer cannot be con-
sidered as an e"ective medium. Being  < 1/10 of the wavelength, 
the e"ective medium approximation is met, and the e"ective radial 
and tangential permittivities can be derived: ?r =  − 64 − 19.83i and 
?θ = 0.42 − 0.11i. %e high contrast between the radi l and tangen-
tial permittivities results in an ultra&at unbound dispersion rela-
tion over a large range of wave v ctors, allowing the sub-wavelength 
information to propagate in the hyperlens. %e fabrication process 
is schematically shown in Figure 2a–e. Initially, the half-spherical 
geometry of the hyperlens is formed by isotropic wet etching into 
the quartz substrate. Nine pairs of silver and titanium oxide thin !lm 
layers were subsequently deposited, with a layer thickness of 30 nm. 
Finally, the arbitrary sub-di"raction-limited features are inscribed 
on an additional chromium layer by focused ion beam milling to 
serve as objects for imaging. %e !nal structure is con!rmed by 
cutting a cross section of the spherical hyperlens (Fig. 2f).
Observation of resolution beyond the di!raction limit. %e 
hyperlens is placed in a transmission optical microscopy system 
such that it serves as an integral part of the microscope with the 
ability to deliver the sub-wavelength features into the propagation 
regime, where they can be collected by the objective lens. Figure 3 
depicts two sets of the magni!ed images of sub-di"raction-limited 
objects, obtained by CCD (charge-coupled device) camera at the 
image plane. %e objects shown in Figure 3a consists of two apertures 
of 100 nm diameter and a slot of 100 nm width, which are separated 
by 160 and 180 nm, respectively. %e magni!ed optical image on 
the hyperlens is shown in Figure 3b. %e result indicates that the 
separation of 160 and 180 nm is clearly resolved in the experiment, 
despite being below the di"raction limit of the 410 nm illumination 
wavelength. Figure 3c presents the cross section along the red line 
in Figure 3b, showing a measured distance between dots and bars 
of 346 and 363 nm, corresponding to magni!cations of 2.02–2.16. 
A di"erent object, made of three apertures located in triangular con-
!guration with 160, 170 and 180 nm spacing in three sides (Fig. 3d), 
is also clearly resolved at the far !eld (Fig. 3e); the separation of the 
two apertures is measured to be 333 nm in the cross-sectional analy-
sis shown in Figure 3f. Given the fabricated distance of 160 nm, the 
averaged magni!cation ratio is 2.08. %is ratio is smaller than the 
designed value, which is mainly because of non-conformal deposi-
tion and inaccurate thickness control of the layer, resulting in devia-
tion of the concentricity of the hyperlens and a position-dependent 
magni!cation power.
In addition, the hyperlens magni!es the image of the objects 
onto a spherical surface; the resulting distortions in subsequent 
conventional microsc pe image are shown in Figure 3b,d. Adapting 
thin-!lm deposition techniques with improved conformality, thick-
ness and roughness control can considerably improve the quality 
of the hyperlens, and in principle, these image aberrations can be 
compensated by introducing more corrections conventionally 
employed in lens design.
Figure 2 | Structure and fabrication procedure of the spherical hyperlens. 
(a) Chromium hard mask layer is deposited on a quartz wafer.  
(b) Opening window is made. (c) Isotropic wet etching defines a half-
spherical geometry, and the mask layer is removed. (d) A total of 18 layers 
are conformally deposited onto the hyperle s structure. (e) Chromium 
layer is deposited to engrave arbitrary objects. (f) A scanning electron 
microscope image of the c oss-sectional vi w of spherical perlens.  
The multilayer stack is clearly seen. Scale bar, 500 nm.
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Figure 3 | Measurement with the magnifying hyperlens. (a) Scanning electron microscope (SEM) image of object 1: two 100 nm diameter dots separated 
by a 100 nm wide bar. The gap sizes are 180 and 160 nm. All scale bars shown in the figure are 500 nm. (b) Image taken of the object being magnified 
by the hyperlens. The sub-diffraction-limited objects were clearly resolved by the spherical hyperlens. Along the red dash line, a cross section is taken 
to calibrate the performance of the hyperlens. (c) Cross-sectional analysis showing separation by 363 and 346 nm, respectively, corresponding to ×2.1 
magnification. (d) SEM image of object 2: three dots positioned triangularly with gaps of 180, 170 and 160 nm. (e, f) Image and cross section of the object 
along the red line after being magnified.
(a) (b) (c)
Figure 2.14: (a) SEM image of three dots positioned triangularly with gaps of 180,
170 and 160 nm on the inner side of the spherical hyperlens. (b) Image and (c) cross
section along the red dashed line of the object after being magnified. The black
curved, corresponding to a cross-sectional analysis, Scale bar in (a) and (b is 500 nm.
Reproduced from Ref. [63].
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of light because different constituents of a narrow beam
propagate with different phase velocities. Moreover, to
facilitate light propagation along a wavelength-scale curved
trajectory, the host material should have a rapidly varying
optical response, which inevitably results in strong wavefront
distortion. Consequently, the basic assumptions of ray optics
are not valid in these settings. Molding the light flow in the
subwavelength scale by means of ray optics necessitates the
elimination of diffraction of subwavelength light beams and
tailoring of the material properties such that the effectiVe
optical response varies slowly along propagation.
The emerging field of metamaterials12-14 has recently
provided such means to design artificial materials with
unusual optical properties that may not be found in their
naturally occurring counterparts. The unit cells in these EM
composites can be considerably smaller than the wavelength
to describe material properties as an effective homogeneous
medium.15,16 Metamaterials have shown extraordinary func-
tionalities, such as negative refraction,12,17 cloaking of
arbitrary objects,18,19 and hyperlens,20-22 and may pave the
way to controlling the diffraction and dispersion of light
beams further.
In this paper, we present the concept of subwaVelength
ray optics in a new class of metamaterials having locally
Varying dispersion that is designed to be near flat over a
large range in the momentum space (kx, ky . 2pi/λ, λ is the
wavelength in a vacuum). The large range of propagating
modes in the metamaterial allows the deep-subwavelength
size of the beam (without being evanescent), while the near-
flat dispersion ensures that these beams do not diffract in
the medium because all spatial components propagate with
the same phase velocity. The rapidly varying local material
response can be engineered such that the effective response
is slowly varying in a transformed space. As a result, ray-
like light flow becomes feasible in the deep-subwavelength
scale similarly to ray optics at much larger scales.1,2 Light
can propagate throughout two- or three-dimensional space
with deep-subwavelength beam profiles, as shown in the
following.
We start with a general physical picture in which the
concepts of ray optics can be extended to the subwavelength
scale. We realize that metamaterials with rapidly varying
optical properties can still comply with the ray optics
approximations under certain conditions: the existence of an
equivalent space, in which the light experiences an effective
homogeneous medium along its propagation and flows along
linear ray trajectories. The invariance of the Maxwell
equation under conformal transformation23 ensures that the
ray-like behavior will be sustained in the original space,
where the light propagates along curVed ray trajectories
(Figure 1b).
In what follows, we introduce the equivalent two-
dimensional space, obtained by a conformal transformation
Figure 2. Three-dimensional flow of light at the subwavelength
scale. Finite-element calculation of three subwavelength-scale light
beams flowing through a metamaterial space represented by an
effective medium. The magnitude of the electric field |E| is presented
by crosscuts at different orientations. Three constant-amplitude
electric field sources of circular shape were situated at the input
plane as an arbitrary pattern at the deep-subwavelength scale. The
scale bar at the bottom corresponds to a wavelength in free space
λ ) 589 nm. The inset illustrates one way to obtain such a
metamaterial space by a multilayer design of the effective medium;
the blue and white layers correspond to constitutional alternating
layers of materials with EM responses of (ε1, µ1) and (ε2, µ2),
respectively.
Figure 3. New metamaterial-based optical element: optical trans-
former. (a) Scheme of the optical transformer consisting of two
domains of alternating curved layers of Ag (pink) and GaN (white).
The light flows along the V axis (curved blue lines), and the
interfaces between the layers comply with the u axis. (b) Magnetic
field intensity profile showing subwavelength imaging and mag-
nification of the optical transformer.
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Fig. 1. (a) Schematic of the proposed hybrid hy erlens conceptual s ructure.
(b) Cross section of the hybrid hyperlen .
to the far field and magnify it. In Fig. 1, the thickness of Cr
layer (t), total thickness of the planar superlens (H1), and to-
tal thickness of the cylindrical hyperlens (H2) are 70, 360, and
480 nm, respectively. The thickness ratios of Ag, Al2O3 , and
HfO2 are based on the geometry parameters as in [23]. In the
meantime, the space left for the planar superlens can also be
fit into six pairs of alternately stacked Ag (30 nm) and Al2O3
(30 nm) layers.
In our simulation, the relative permittivities of Al2O3 and
HfO2 are set to be 3.217 [30] and 3.9 [31], respectively. For
Ag, the Lorentz–Drude model is adopted in the simulation with
the parameters given by as in [32]. The FEM commercial solver
COMSOL Multip ysics 3.5 a is used in this 2-D simulation. The
transverse magnetic (TM) polarization is considered wi the
incident elect ic field (x direction) perpendicular to the axis of
an infinitely long cylinder (along y direction). The surrounding
boundaries are perfectly matched layers.
III. THEORY AND DESIGN METHOD
A. Design of Component One (Planar Superlens)
At first, we examine the operation wavelength that can trans-
fer the high-order spatial components being excited from the
slits to the interface bet een upper and lower elements. The
upper component (planar superlens) is co posed of alternative
metal (ε1) and dielectric (ε2) layers. It can be viewed as an
Fig. 2. (a) Real part of permittivity of the planar superlens structure as a func-
tion of operation wavelength (η = 1) for effective perpendicular permittivity
(εz , orange line) and effective parallel permittivity (εx , green line). Blue dashed
line denotes εz and εx equal to zero. Black dashed line indicates the wavelength
(λ = 397 nm) when εz and εx are equal to zero. (b) Isofrequency dispersion
curves of light propagating in planar-superlens structure for λ = 350 nm (blue
line) and 405 nm (red line).
anisotropic medium with effective parallel (εx) and perpendic-
ular (εz ) relative permittivities given by [14]
εx = εy =
ε1 + ηε2
1 + η
(1)
1
εz
=
1
1 + η
(
1
ε1
+
η
ε2
)
(2)
where η is the ratio of the widths of the metal and dielectric layers
in the system (here we have set η = 1). Fig. 2(a) shows the real
part of this anisotropic permittivity versus incident wavelength.
When the incident wavelength λ is shorter than below 397 nm,
the effective parallel permittivity and perpendicular permittivity
are positive and negative, respectively. On the contrary, the signs
of these permittivities are reversed as the wavelength is longer
than 397 nm.
According to [15], if the parameters η, ε1 , and ε2 are cho-
sen such that εx → 0, the field distribution in the incident
plane is one-to-one transferred to any other plane by the par-
allel rays. Since Fig. 2(b) shows that this condition can be
satisfied when λ approaches 397 nm from both sides, there-
fore λ = 350 and 405 nm are chosen as the operation wave-
lengths. It means Re(εx)→ 0+ & Re(εz ) < 0 at λ = 350 nm,
and Re(εx)→ 0− & Re(εz ) > 0 at λ = 405 nm, respectively.
The isofrequency dispersion curve of light in the upper planar
(a)
(b) (c)
(d)
Figure 2.15: (a) Schematic of an optical transformer consisting of two domains of
alternating curved layers of metal (pink) and semiconductor (white). The light flows
along the v axis (curved blue lines), and the i terfaces between the layers comply with
the u axis. (b) Magnetic field map inside a 3/4-body and (c) a 1/4-body hyperlens with
flat output surface. (d) Schematic of the hybrid-superlens hyperlens. (a) Reproduced
from Ref. [110], (b) and (c) from Ref. [111], (d) from Ref. [114].
hyperlens one can customize µ and ε through transformation optics: a radius-dependent
permeability allows simultaneous match at both interfaces, while a nonmagnetic medium
can only act either on t e inner or on the outer boundary (Figs. 2.16(a) and 2.16(b)) [115].
A complementary approach to suppress scatt ring consists in immersing the hyperlens
into high-index liquids (Figs. 2.16(c) and 2.16(d)) [107]. In order for a device to behave
as a conventional lens, it should be capable to focus plane waves. This is forbidden
to hyperlenses, since they lack a phase compensatio mechanism [105]. Metalenses
realizing the Fourier transform function were designed by providing with such mechanism
a slab of hyperbolic medium [116, 117, 118].
Absorption losses due to the metallic constituent are ineliminable, but can be
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(a) (b)
(c) (d)
Figure 2.16: (a) Magnitude of the H-field for a cylindrical hyperlens designed to be
impedance-matched at the internal and (b) at the external interface. (c) Normalized
H-field distribution in a cylindrical hyperlens immersed in air and (d) water. (a) and (b)
Reproduced from Ref. [115], (c) and (d) from Ref. [107].
circumscribed by increasing the percentage of dielectric or shifting the operating range
to longer wavelengths [107]. A major source of nonideality in the experimentally
demonstrated hyperlenses are fabrication imperfections, that can either be incorporated in
theoretical models [119] or reduced at the manufacture stage with rolled-up technology
[120, 121, 122, 123].
Recent works studied a nonlinear hyperlens [124], a tunable hyperlens [51], and
a hyperbolic metamaterial lens with hydrodynamical nonlocal response [72]. In the first,
dielectric layers with high Kerr-type nonlinearity were introduced to minimize diffraction
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inside a hyperlens, allowing longer propagation distances and broadband operation in the
ultraviolet. In the second, the metallic layers of a cylindrical hyperlens were replaced
with single sheets of graphene [50, 125]. The plasmonic response of this material can
be dynamically manipulated in the THz region by controlling the chemical potential
with an external bias voltage [126]: at a fixed frequency, the effective permittivities of
a curved ML were tuned until they entered the desired hyperbolic regime. In the last
study, the focussing properties of a slab of ML HMM were shown to depend on the metal
permittivity model - nonlocal versus local - adopted: such system was therefore indicated
as a potential candidate to test the validity of the hydrodynamic nonlocal theory.
The ability of detecting and manipulating sub-wavelength information is not a
prerogative of ML implementations, but is also attainable with a NW geometry [78].
Wires can transport over a few wavelengths low k-vector information thanks to plasmonic
resonances, a phenomenon known as canalization [127]. This corresponds to a superlens-
ing behavior, which includes magnification if the wire arrangement is made divergent
("tapered configuration") instead of parallel [128], and is effective at THz or lower fre-
quencies [129, 130, 131]. The hyperbolic properties of NW HMMs, that emerge in the
infrared and visible range, enable negative refraction [36], and therefore image focussing
inside and outside a slab of such media [35, 86]. Transport at telecom wavelengths (1510
- 1580 nm) of features as small as λ0/4 over a distance > 6λ0 was demonstrated in a
Au/Al2O3 NW HMM [132]. The quasi-TEM collective mode that guided the image was
mostly localized in the dielectric matrix (pore diameter 12 nm, pore-to-pore average
spacing 25 nm), which minimized the absorption losses. In addition, bottom-up grown
templates allow the imaging of large areas, as compared with those available to hyper-
lenses. However, the lack of a magnification mechanism required a near-field scanning
optical microscope (NSOM) to detect the transmitted image (Fig. 2.17), which impedes
the integration of this technology in far-field devices. To the best of our knowledge,
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2!a". A 3D oblique view illustration of a section of the nano-
lens, portraying the metamaterial nanostructural design is
shown in Fig. 2!b". In the scanning electron microscope
!SEM" picture representing the top-view of the nanolens
#shown in Fig. 2!c"$, the tips of the nanowires can be seen on
the surface. An SEM picture of a cross-section of the 10 !m
thick porous alumina template is shown in Fig. 2!d". The
nanopores are 12 nm in diameter and have an average spac-
ing of 25 nm.
The schematic of imaging with the metamaterials nano-
lens is depicted in Fig. 1!a". In our experiment, the object
!void pattern" with subwavelength features is illuminated
with a continuous wave !cw" laser at 1550 nm. The void
pattern was milled by focused ion beam lithography on a 100
nm thick metallic film deposited on 0.1 mm thick glass sub-
strate. After passing through the nanolens, the transmitted
beam is then mapped with a near-field scanning optical mi-
croscope !NSOM" probe above the nanolens surface. The
representative object imaged consists of the letters “NEU”
!acronym for Northeastern University" with 600 nm wide
!0.4"" arms, as shown in the SEM picture in Fig. 1!b". The
NSOM scan of this source object illuminated by the laser
light is shown in Fig. 1!c". NSOM scans were carried out at
the far end of the metamaterial nanolens !image plane". As
illustrated in Fig. 1!d", the subwavelength letters were
clearly resolved with very low distortions.
For a complete set of control experiments, we have also
attempted to image the “NEU” letters with !a" porous alu-
mina template without the gold nanowires !essentially a pure
dielectric" and !b" 10 !m above the surface of the object in
air without the alumina template !not shown". For both cases,
the images were almost unrecognizable in the far-field and
super-resolution imaging was not achieved, demonstrating
that the composite metamaterial behaves as a super-
resolution medium.
To demonstrate the broadband aspect of the lens, imag-
ing experiments were performed within the tunable wave-
length range of our near-infrared laser !i.e., 1510–1580 nm"
!not shown". No significant distortions were observed when
the wavelength was varied from 1510 to 1580 nm, indicating
that some degree of broadband imaging !%5%" is also real-
izable with this nanolens. Theoretically, the nanolens will
also operate at longer wavelengths, up to 21 microns.19
In order to assess the resolving capability !or resolution"
of the lens, imaging of a subwavelength two-slit object was
carried out. The two-slit object in this case is composed of
two 600 nm !%0.4"" slits spaced 400 nm !0.26"" apart #inset
of Fig. 3!c"$. Figures 3!a" and 3!b" show the NSOM map of
the source object and image, respectively. Experimentally,
we find that the slits can be clearly resolved by the bulk
nanolens even though their critical dimensions are much
smaller than the wavelength #Fig. 3!b"$. The smallest length
scale, i.e., the edge-to-edge distance of 400 nm, is clearly
distinguished indicating that the lens has a resolution capa-
bility of at least " /4 for the near infrared spectral range #Fig.
3!c"$. The curve for a conventional optical microscope is also
shown, demonstrating that the two individual slits cannot be
resolved by a diffraction-limited optical system.
The above experiments clearly establish that the
metamaterial nanolens is a super-resolution medium which
can transport, with low-loss, object details down to " /4
length scales, over large distances #6". Interestingly, attenu-
ation by the metamaterial nanolens was recorded to be less
than 1 dB/cm. Furthermore, the figure-of-merit !FOM" of the
nanolens is given by FOM=−Re!n" / Im!n"%12, which is 4$
higher than the best fabricated metallic-based metamaterial
at 1.5 !m.25
The mechanism behind super-resolution reconstruction
in this metamaterial is the transport of evanescent waves by
FIG. 1. !Color online" !a" Imaging with subwavelength resolution by the
metamaterial nanolens at 1550 nm. The nanolens consists of high aspect
ratio metallic nanowires which are embedded in a host dielectric medium.
This bulk metamaterial transports subwavelength details of an object at a
significant distance of more than six times the wavelength !"". !b" Scanning
electron microscope !SEM" image of the “NEU” letters !acronym for North-
eastern University" milled in 100 nm thick gold metallic film. The letters
have 600 nm wide arms !0.4"". !c" Near-field scanning optical microscope
!NSOM" scan of the source object in the near-field at 1550 nm wavelength.
!d" NSOM scan of the corresponding image by the metamaterial nanolens
above the nanolens surface.
FIG. 2. !Color online" !a" Bulk metamaterial !pink circle" manufactured in
large scale !#10 mm in diameter or almost 3/4 the size of a U.S. penny".
!b" 3D illustration of the nanoscale architecture of the nanolens. !c" Top
view: SEM image showing the tips of the gold nanowires. The metamaterial
nanolens consists of aligned gold nanowires, with 12 nm diameters and
lattice spacing of 25 nm, embedded in porous alumina template matrix. !d"
Side view: SEM image of the cross-section of the 10 !m thick nanoporous
alumina template without the gold nanowires. !e" Anisotropic optical prop-
erty of the metamaterial: Negative permittivity in the nanowire axis z direc-
tion !Re %z&0" and positive permittivity in the x−y plane !Re %x,y#0".
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2!a". A 3D oblique view illustration of a section of the nano-
lens, portraying the metamaterial nanostructural design is
shown in Fig. 2!b". In the scanning electron microscope
!SEM" picture representing the top-view of the nanolens
#shown in Fig. 2!c"$, the tips of the nanowires can be seen on
the surface. An SEM picture of a cross-section of the 10 !m
thick porous alumina template is shown in Fig. 2!d". The
nanopores are 12 nm in diameter and have an average spac-
ing of 25 nm.
The schematic of imaging with the metamaterials nano-
lens is depicted in Fig. 1!a". In our experiment, the object
!void pattern" with subwavelength features is illuminated
with a continuous wave !cw" laser at 1550 nm. The void
pattern was milled by focused ion beam lithography on a 100
nm thick metallic film deposited on 0.1 mm thick glass sub-
strate. After passing through the nanolens, the transmitted
beam is then mapped with a near-field scanning optical mi-
croscope !NSOM" probe above the nanolens surface. The
representative object imaged consists of the letters “NEU”
!acronym for Northeastern University" with 600 nm wide
!0.4"" arms, as shown in the SEM picture in Fig. 1!b". The
NSOM scan of this source object illuminated by the laser
light is shown in Fig. 1!c". NSOM scans were carried out at
the far end of the metamaterial nanolens !image plane". As
illustrated in Fig. 1!d", the subwavelength letters were
clearly resolved with very low distortions.
For a complete set of control experiments, we have also
attempted to image the “NEU” letters with !a" porous alu-
mina template without the gold nanowires !essentially a pure
dielectric" and !b" 10 !m above the surface of the object in
air without the alumina template !not shown". For both cases,
the images were almost unrecognizable in the far-field and
super-resolution imaging was not achieved, demonstrating
that the composite metamaterial behaves as a super-
resolution medium.
To demonstrate the broadband aspect of the lens, imag-
ing experiments were performed within the tunable wave-
length range of our near-infrared laser !i.e., 1510–1580 nm"
!not shown". No significant distortions were observed when
the wavelength was varied from 1510 to 1580 nm, indicating
that some degree of broadband imaging !%5%" is also real-
izable with this nanolens. Theoretically, the nanolens will
also operate at longer wavelengths, up to 21 microns.19
In order to assess the resolving capability !or resolution"
of the lens, imaging of a subwavelength two-slit object was
carried out. The two-slit object in this case is composed of
two 600 nm !%0.4"" slits spaced 400 nm !0.26"" apart #inset
of Fig. 3!c"$. Figures 3!a" and 3!b" show the NSOM map of
the source object and image, respectively. Experimentally,
we find that the slits can be clearly resolved by the bulk
nanolens even though their critical dimensions are much
smaller than the wavelength #Fig. 3!b"$. The smallest length
scale, i.e., the edge-to-edge distance of 400 nm, is clearly
distinguished indicating that the lens has a resolution capa-
bility of at least " /4 for the near infrared spectral range #Fig.
3!c"$. The curve for a conventional optical microscope is also
shown, demonstrating that the two individual slits cannot be
resolved by a diffraction-limited optical system.
The above experiments clearly establish that the
metamaterial nanolens is a super-resolution medium which
can transport, with low-loss, object details down to " /4
length scales, over large distances #6". Interestingly, attenu-
ation by the metamaterial nanolens was recorded to be less
than 1 dB/cm. Furthermore, the figure-of-merit !FOM" of the
nanolens is given by FOM=−Re!n" / Im!n"%12, which is 4$
higher than the best fabricated metallic-based metamaterial
at 1.5 !m.25
The mechanism behind super-resolution reconstruction
in this metamaterial is the transport of evanescent waves by
FIG. 1. !Color online" !a" Imaging with subwavelength resolution by the
metamaterial nanolens at 1550 nm. The nanolens consists of high aspect
ratio metallic nanowires which are embedded in a host dielectric medium.
This bulk metamaterial transports subwavelength details of an object at a
significant distance of more than six times the wavelength !"". !b" Scanning
electron microscope !SEM" image of the “NEU” letters !acronym for North-
eastern University" milled in 100 nm thick gold metallic film. The letters
have 600 nm wide arms !0.4"". !c" Near-field scanning optical microscope
!NSOM" scan of the source object in the near-field at 1550 nm wavelength.
!d" NSOM scan of the corresponding image by the metamaterial nanolens
above the nanolens surface.
FIG. 2. !Color online" !a" Bulk metamaterial !pink circle" manufactured in
large scale !#10 mm in diameter or almost 3/4 the size of a U.S. penny".
!b" 3D illustration of the nanoscale architecture of the nanolens. !c" Top
view: SEM image showing the tips of the gold nanowires. The metamaterial
nanolens consists of aligned gold nanowires, with 12 nm diameters and
lattice spacing of 25 nm, embedded in porous alumina template matrix. !d"
Side view: SEM image of the cross-section of the 10 !m thick nanoporous
alumina template without the gold nanowires. !e" Anisotropic optical prop-
erty of the metamaterial: Negative permittivity in the nanowire axis z direc-
tion !Re %z&0" and positive permittivity in the x−y plane !Re %x,y#0".
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2!a". A 3D oblique view illustration of a section of the nano-
lens, portraying the metamaterial nanostructural desig is
shown in Fig. 2!b". In t scanning electron microscop
!SEM" pictur representing th top-view of the nanolens
#shown in Fig. 2!c"$, the tips of the nanowires can be seen on
the surface. An SEM picture of a cross-section of the 10 !m
thick porous alumina template is shown in Fig. 2!d". The
nanopores are 12 nm in dia eter and ave an aver ge spac-
ing of 25 nm.
The schematic of imaging with the m tamaterials nano-
lens is depi ted in Fig. 1!a". In our experiment, the object
!void pattern" with su wavelength features is illuminated
with a continuous wave !cw" las r at 1550 nm. The void
pattern was milled by focused ion beam lithography on 100
nm thick metallic film deposited on 0.1 mm thick glass sub-
strate. After passing through the nanolens, th transmitt d
beam is then mapped with a n ar-field scanning optical mi-
croscope !NSOM" prob above the nanolens surface. The
representative object imaged consists of the letters “NEU”
!acronym for Northeastern University" with 600 nm wide
!0.4"" arms, as shown in the SEM picture in Fig. 1!b". The
NSOM scan of this source obj ct illuminated by the l s r
light is hown in Fig. 1!c". NSOM cans w r carried out at
the far end of the metamat rial nanolens !image plane". As
illustrated in Fig. 1!d", the subwavelength letters were
clearly resolved with v ry low distortions.
For complete set f control experiment , we have also
attempted to image the “NEU” lett rs with !a" porous alu-
min template without the gold nanowires !essentially a pure
dielectric" nd !b" 10 ! above the surfac of t object in
air without the alumina template !not shown". For both cases,
the images were almost unr cognizable in the far-field and
super-resolution imaging was not achieved, demonstrating
that the comp site metamaterial behav s as a super-
resolution medium.
To demo strate the broadband aspect of the lens, imag-
ing experiments were performed within the tunable wave-
lengt range of our near-infrared laser !i.e., 1 –1580 nm"
!not shown". No significant distortions were observed when
the wavelength was varied from 1510 to 1580 nm, i dicating
that some degree of broadband imaging !%5%" is als real-
izable with this nanol ns. Theoretically, the nanolens will
also operate at longer wavelengths, up to 21 microns.19
In order to assess the resolving capability !or res luti n"
of the lens, imaging of a ubwavelength two-slit object was
carried out. The two-slit object in this case is composed of
two 600 nm !%0.4"" slits spaced 400 nm !0.26"" apart #inset
of Fig. 3!c"$. Figures 3!a" and 3!b" show th NSOM map of
the sourc object and image, respectively. Experimentally,
we find that the slits can be clearly resolved by the bulk
nanolens ev n though their critical dimensions are mu h
smaller than t wavelength #Fig. 3!b"$. T e smallest length
scale, i.e., the edge-to-edge distance of 400 nm, is clearly
distinguished indicating that the lens has a resolution capa-
bility of at least " /4 for the near infrared spectral range #Fig.
3!c"$. The curve for a conve tional optical microscope is also
shown, demonstrating that the two individual lits cannot be
resolv d by a diffraction-limited o tical ystem.
The bove experiments clearly establish that the
metamaterial nanolens is a super-r olution m diu which
can transport, with low-loss, object details down to " /4
lengt scales, over large distances #6". Interestingly, attenu-
ation by the metamaterial nanolens was recorded to be les
than 1 dB/cm. Furthermore, the figure-of-merit !FOM" of the
nanolens is given by FOM=−Re!n" / Im!n"%12, which is 4$
higher than the best fabricated metallic-based metamaterial
at 1.5 !m.25
The mechanism behind super-resolution reconstruction
in this metamaterial is the transport of evanescent waves by
FIG. 1. !Color online" !a" Imaging with subwavelength resolution by the
metamaterial nanolens at 1550 nm. The nanolens consists of high aspect
ratio metallic nanowires which are embedded in a host dielectric medium.
This bulk metamaterial transports subwavelength details of an object at a
significant distance of more than six times the wavelength !"". !b" Scanning
electron microscope !SEM" image of the “NEU” letters !acronym for North-
eastern University" milled in 100 nm thick gold metallic film. The letters
have 600 nm wide arms !0.4"". !c" Near-field scanning optical microscope
!NSOM" scan of the source object in the near-field at 1550 nm wavelength.
!d" NSOM scan of the corresponding image by the metamaterial nanolens
above the nanolens surface.
FIG. 2. !Color online" !a" Bulk metamaterial !pink circle" manufactured in
large scale !#10 mm in diameter or almost 3/4 the size of a U.S. penny".
!b" 3D illustration of the nanoscale architecture of the nanolens. !c" Top
view: SEM image showing the tips of the gold nanowires. The metamaterial
nanolens consists of aligned gold nanowires, with 12 nm diameters and
lattice spacing of 25 nm, embedded in porous alumina template matrix. !d"
Side view: SEM image of the cross-section of the 10 !m thick nanoporous
alumina template without the gold nanowires. !e" Anisotropic optical prop-
erty of the metamaterial: Negative permittivity in the nanowire axis z direc-
tion !Re %z&0" and positive permittivity in the x−y plane !Re %x,y#0".
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2!a". A 3D oblique view illustration of a section of the nano-
lens, portraying the metamaterial na ostructural design is
show in Fig. 2!b". In th sc nning electron microscope
!SEM" picture representing t e top-view of the nanolens
#shown in Fig. 2!c"$, the tips of the nanowir s can be seen on
the surface. An SEM picture of a cross-section of the 10 !m
thick porous alumina template is shown in Fig. 2!d". The
nanopores are 12 nm in diameter and have an average spac-
ing of 25 nm.
The schematic of imaging with the metamaterials nano-
lens is depicted in Fig. 1!a". In our experi nt, th object
!void pattern" with subwavelength features is illuminated
with a continuous ave !c " las r at 1550 nm. The void
pattern w s milled by focus d ion beam lithography on a 100
nm thick met llic film dep sited on 0.1 mm t ick glass sub-
strate. After passing through the nanolens, the transmitted
beam is then ma ped with a near-fi ld scanning optic l mi-
croscope !NSOM" probe above the nanolens surface. The
representative object imaged consists of the l tter “NEU”
!acronym for Northeastern University" with 600 nm wide
!0.4"" arms, as shown in th SEM picture in Fig. 1!b". The
NSOM scan of this s urce obj ct illuminated by the laser
light is shown in Fig. 1!c". NSOM s ans were carried out at
the far end of the metamaterial nanolens !image pl ne". As
illustrated i Fig. 1!d", the subwavelength letters were
clearly resolved with very low distortions.
For a complete set of contr l experime ts, we have also
attempted to image the “NEU” letters with !a" porous alu-
min t late without the gold nanowir s !essenti lly a p re
dielectric" and !b" 10 !m above the surfac of th object in
air without the alumina template !not s own". For both cases,
the images were almost unrecognizable in the far-field and
super-resolution imaging was not achieved, demonstrating
that the composite metamaterial behav s as a super-
resolution mediu .
To demonstrate the broadband aspect of the lens, imag-
ing experim nts were performe within the tunable wave-
length rang of our nea -infrared laser !i.e., 1510–1580 nm"
!not shown". No significant distortions were observed when
the wavelength was varied from 1510 to 1580 nm, indicating
that some d gree of broadband imaging !%5%" is also real-
izable with this nanolens. Theoret cally, the nanolens will
also operate at longer wav lengt s, up to 21 microns.19
In order to assess the resolving capability !or resolution"
of the le s, imaging of a subwavele th two-slit object was
carried out. The two-slit object in this case is composed of
two 600 nm !%0.4"" slits spaced 400 nm !0.26"" apart #in t
of Fig. 3!c"$. Figures 3!a" and 3!b" show the NSOM m p of
the source object and image, respectively. Experimentally,
we find that the slits can be clearly resolved by the bulk
nanol ns even though their critical dimen ions are much
smaller than the wavelength #Fig. 3!b"$. The smalle t length
scale, i.e., the edg -to-edge distance of 400 nm, is clearly
distinguished indicating that the lens has a resolution capa-
bility of at least " /4 for the ne r infrared spectral range #Fig.
3!c"$. The curve for a conventio al optic l microscope is also
shown, demonstrating that the two individu l slits cannot be
resolved by a diffractio -limited optical system.
The above experime ts cl arly establish that the
metamaterial nanolens is a super-resolution medium w ich
can transport, with low-loss, object details down to " /4
length scales, over large distance #6". Interestingly, attenu-
ation by the metamaterial nanolens was recorded to be less
than 1 dB/cm. Further ore, the figure-of-merit !FOM" f the
nanole s is given by FOM=−Re!n" / Im!n"%12, which is 4$
higher tha the best fabricated metallic-based metamaterial
at 1.5 !m.25
The mechanism behind super-resolution reconstruction
in this metamateri l i the tra sport of evanescent waves by
FIG. 1. !Color online" !a" Imaging with subwavelength resolution by the
metamaterial nanolens at 1550 n . The nanolens consists of high aspect
ratio metallic nanowires which are embedded in a host dielectric medium.
This bulk metamaterial transports subwavelength details of an object at a
significant distance of more than six times the wavelength !"". !b" Scanning
electron microscope !SEM" image of the “NEU” letters !acrony for North-
eastern University" milled in 100 nm thick gold metallic fil . The letters
have 600 nm wide arms !0.4"". !c" Near-field scanning optical microscope
! " scan of the source object in the near-field at 1550 nm wavelength.
!d" NSOM scan of the corresponding image by the metamaterial nanolens
above the nanolens surface.
FIG. 2. !Color online" !a" Bulk meta aterial !pink circle" manufactured in
large scale !#10 mm in diameter or almost 3/4 the size of a U.S. penny".
!b" 3D illustration of the nanoscale architecture of the nanolens. !c" Top
view: SEM image showing the tips of the gold nanowires. The metamaterial
nanolens consists of aligned gold nanowires, with 12 nm diameters and
lattice spacing of 25 nm, embedded in porous alumina template matrix. !d"
Side view: SEM image of the cross-section of the 10 !m thick nanoporous
alumina template without the gold nanowires. !e" Anisotropic optical prop-
erty of the metamaterial: Negative permittivity in the nanowire axis z direc-
tion !Re %z&0" and positive permittivity in the x−y plane !Re %x,y#0".
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(c) (d)
Figure 2.17: (a) Schematic of sub-wavelength image transport with a NW HMM at
λ0 = 1550 nm. (b) SEM image of the “NEU” letters mill d in 100-nm-thick Au film.
The letters have 600- m-wide arms (0.4 λ0). (c) NSOM scan of the source object in the
near-field (d) NSOM scan of the corresponding image by the NW HMM at the output
surface. R produced from Ref. [132].
the performance of the ML-based hyperlens - diffraction-limited image tra sport and
retrieval in the far field, en irely ascribable to bul hyperbolic properties - has not b en
equaled with W HMMs at optical frequencies.
Nanolithography
T e diffraction limit poses a constrai t not only on object details d tectable with
far-field equipment, but also on the resolution of patterns written by photolithography.
In order to define sub-wavelength feature , such a cost-eff ctive and high-throughput
technique is replaced by alternative forms of lithography, based for instance on elect on-
beam, focussed-ion-beam or imprint, that involve expensive machines and/or cleanroom
processing.
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A different solution consists in utilizing HMMs to miniaturize far-field infor-
mation. This approach still relies on conventional photo-lithographic procedures, but
wave propagation through an anisotropic space enables ratios between the transferred
image and the object smaller than 1:1. A Ag/SiO2 ML slab was proposed to generate
sub-diffraction-limited patterns from traditional 1D or 2D diffraction-limited masks.
[133]. TM-polarized light at the wavelength of λ0 = 405 nm was shone on a 1D mask
with period Λ= 400 nm (Fig. 2.18(a)). The ML supported exclusively the propagation
of those waves with tangential wavevector larger than nk0 (n: refractive index of the
medium on the transmission side of the grating); furthermore, its spatial frequency pass
band could be tuned with design parameters to allow only one diffraction order (±m-th
order) from the mask. The superposition of diffracted waves of the selected ±m-th order
formed on the other side of the slab a sub-diffraction-limited pattern with period Λ/2m.
Specifically, the choice m = 3 resulted in a 6-fold miniaturization of the mask profile.
The hyperlens also exhibits writing capabilities, exploitable by simply reversing
its direction of operation: a diffraction-limited pattern defined on the outer surface of
radius Rout can be reduced to a sub-diffraction-limited one on the inner side of radius Rin
by virtue of tangential wave vector de-compression, with a de-magnification given by the
ratio Rin/Rout [11]. Finite element simulations (Fig. 2.18(b)) showed that a Ag/Al2O3
cylindrical hyperlens operating at λ0 = 375 nm transforms a 1D mask of openings with
period 280 nm and width 140 nm in a pattern with period 40 nm. This corresponds to
a reduction factor of 1/7, which matches the radii ratio 120 nm/840 nm. To obtain flat
input and output planes, the hyperlens can be polished as in Fig. 2.18(c). The linear
reduction achieved is xi/xo = (R+D)/R, where R is the radius of the inner surface of
the original hyperlens, and D is the thickness of the flat hyperlens.
Currently, none of the alternative lithography schemes discussed has seen experimental
implementation.
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!r and positive !" so that waves with arbitrarily large tangen-
tial wave vector k" can propagate in the hyperlens. For im-
aging purposes, the object with subdiffraction-limited fea-
tures is placed near the inner surface of a hyperlens. Waves
with arbitrarily large tangential wave vector k" correspond-
ing to subdiffraction-limited features can propagate through
the hyperlens. In addition, the tangential wave vectors are
gradually compressed as the waves propagate outward along
the radial direction due to the cylindrical geometry of the
hyperlens. Consequently, the subdiffraction-limited features
can be magnified by the hyperlens and then captured by con-
ventional optics to form an image with subdiffraction-limited
resolution. For lithography purposes, the diffraction-limited
pattern is projected onto the outer surface of a hyperlens
from a diffraction-limited mask. As the waves propagate in-
ward along the radial direction, tangential wave vectors are
gradually increased while the waves can still propagate in the
hyperlens. As a result, a diffraction-limited pattern of the
mask can be reduced to a subdiffraction-limited pattern at the
inner surface of the hyperlens.
The working wavelength of the hyperlens made of Ag
and Al2O3 in Ref. 17 is 365 nm. In this paper, the hyperlens
is still composed of Ag and Al2O3 cylindrical multilayers but
works at wavelength 375 nm. At wavelength 375 nm !the
permittivities !Ag=−3.12+0.21i "Ref. 24# and !Al2O3 =3.21
"Ref. 25#$, the dispersion relation of electromagnetic waves
in the hyperlens has smaller hyperbolic curvature "flatter#
than that at 365 nm wavelength. The hyperlens with flatter
hyperbolic dispersion relation is ideal to achieve high reso-
lution for optical imaging or lithography because the change
in kr can be minimized as k" varies, which prevents phase
mismatch between waves with different k".
We first use a simulation to demonstrate that a cylindri-
cal hyperlens can generate one-dimensional "1D#
subdiffraction-limited patterns from diffraction-limited
masks. In Fig. 2"a#, the hyperlens is made of 10 nm Ag and
10 nm Al2O3 cylindrical multilayers. The inner and outer
radius of the hyperlens is 120 and 790 nm. The Cr mask !at
375 nm wavelength !Cr=−8.98+9.36i "Ref. 26#$ with thick-
ness 50 nm on the outer surface of the hyperlens has periodic
openings with 280 nm period and 140 nm width. The polar-
ization is TM polarization, and the H field is defined to be 1
at the openings along the input surface, as shown in Fig.
2"b#. The reduction factor is determined by the radius ratio of
input and output surfaces, which is 840 /120=7. Photoresist
with permittivity 2.89 "negative photoresist NFR 105G from
JSR Micro# is placed inside the output surface. The simula-
tion carried out by COMSOL MULTIPHYSICS 3.4 shows that at
the output surface, a pattern with 40 nm period is formed,
which is expected as the reduction time of the hyperlens is 7.
Figure 2"c# shows the %E% field along the output surface. The
intensity contrast is "%E%max
2
− %E%min
2 # / "%E%max
2 + %E%min
2 #&0.33,
FIG. 3. "Color online# "a# A schematic of a flat interface
hyperlens. "b# At the input plane, H field is defined to
be 1 at the seven openings with 80 nm width on the
mask. TM polarization is used in the simulation. From
left to right, the distances between the openings are
280, 180, 240, 300, 210, and 160 nm. "c# %E% field dis-
tribution along the plane that is 10 nm below the output
plane. From left to right, the distances between peaks
are 101, 82, 100, 108, 87, and 70 nm. "d# Reduction
characteristics of the flat interface hyperlens. The lines
are linear reduction relations calculated by the formula.
The reduction factors are two times for red line "D
=600 nm, R=600 nm#, 2.5 times for blue line "D
=900 nm, R=600 nm#, and three times for green line
"D=1200 nm, R=600 nm#. The dots are simulation
data.
FIG. 2. "Color online# Generating 1D subdiffraction-limited patterns from a
diffraction-limited mask by a cylindrical hyperlens. "a# %H% field distribution
in the hyperlens. "b# H field along the input surface. The period of the
openings is 280 nm. "c# %E% field distribution along the output surface.
203108-2 Xiong, Liu, and Zhang Appl. Phys. Lett. 94, 203108 !2009"
 This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:
128.54.37.142 On: Tue, 05 Nov 2013 01:38:45
with tangential wave vector larger than nk0 !k0=2! /"" to
pass through. Furthermore, the width of the spatial frequency
pass band is narrow enough to allow one diffraction order
!#mth order" from the 1D mask only. When we place this
slab material immediately after a diffraction-limited mask, a
subdiffraction-limited pattern with period $ /2m is formed
on the other side of the slab material as a result of the super-
position of the #mth order diffraction waves.
The abovementioned special slab material can be real-
ized by a metamaterial, an artificial fabricated structure that
has received significant attention recently because of its
properties that are not observed in nature.22–24 A metal-
dielectric multilayer structure, one of the simplest metama-
terials, has been proposed for various applications.25–29 As an
example, we shall show a designed slab of multilayer
metamaterial can realize the deep-subwavelength photoli-
thography. A metal-dielectric multilayer has those special
properties because of the split surface plasmon modes on the
metal-dielectric multilayer. Surface plasmon modes split on a
metal thin film due to the interaction of modes on two metal
surfaces.30 As the number of the metal thin films increases,
the number of the split surface plasmon modes increases
accordingly.31 With proper design, the split surface plasmon
modes can be highly compacted, and form a band. Subse-
quently, the transmission !through the multilayer" of a range
of tangential wavevector band corresponding to the surface
plasmon mode band is large and the transmission of the rest
tangential wavevector band is negligible. Therefore, the de-
signed multilayer can act as an extraordinary spatial filter,
i.e., only allows a band of waves with tangential wavevector
larger than nk0 to go through it. The location and the band-
width of the pass band can be tuned by changing the thick-
nesses of the metal and dielectric layers.32
We firstly show one example where a metal-dielectric
multilayer can generate a deep-subwavelength 1D pattern
from a diffraction-limited mask. Figure 2!a" shows the trans-
mission versus the tangential wavevector !transfer function"
for a 10 pairs of 40 nm Ag and 35 nm SiO2 multilayer for
TM polarization at a wavelength of 405 nm. The permittivity
of Ag is −4.67+0.22i.33 The permittivity of SiO2 is 2.16.34
The permittivity of the photoresist after the multilayer is 2.89
!negative photoresist NFR 105 G from JSR Micro". From the
transfer function of the multilayer, only a band of waves with
tangential wavevector around 3k0 can pass through this
structure. If a grating mask with 400 nm period is added in
front of the multilayer structure and illuminated by a light
at 405 nm, only the #3 order diffraction waves from the
mask can go through the multilayers and form a pattern with
period six times smaller compared with the mask. This
spatial frequency sextupling effect is evidently shown by the
simulated #H# field distribution !COMSOL MULTIPHYSICS
3.4" after the multilayer in Fig. 2!b". The thickness of the
Cr mask is 50 nm, and the opening width is 100 nm. For
photolithography purpose, the #E# field distribution is
also shown in Fig. 2!c" at planes 0, 10, and 20 nm after
the Ag and SiO2 multilayer. The intensity contrast is
!#E#max2 − #E#min2 " / !#E#max2 + #E#min2 "$0.2, which satisfies the
minimum contrast required for common negative
photoresists.35
The above method can be easily extended to 2D patterns
generation, as illustrated by the following example: Addi-
tionally, we redesign the Ag–SiO2 multilayer to show that
different period ratio between the mask and the lithographic
pattern is achievable by adjusting the configuration of the
multilayer. Figure 3!a" is the 2D transfer function !the trans-
mission versus tangential wavevector kx and ky" for a 12
pairs of 35 nm Ag and 21 nm SiO2 multilayer at a wave-
length of 405 nm. Each set of kx and ky can define an inci-
dent plane. The 2D transfer function is calculated in the way
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FIG. 2. !Color online" !a" The transmission vs the tangential wavevector for
a 10 pairs of 40 nm Ag and 35 nm SiO2 multilayer. The polarization is TM
polarization. Working wavelength is 405 nm. !b" Configuration for photoli-
thography and the simulated #H# field after the multilayer. Only one period
!400 nm" of the grating mask is shown. !c" The #E# field in the photoresist at
the multilayer-photoresist interface !blue", 10 nm !green", and 20 nm !red"
away from the interface.
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FIG. 3. !Color online" !a" The transmission vs tangential wavevector kx
and ky !2D transfer function" for a 12 pairs of 35 nm Ag and 21 nm
SiO2 multilayer at a wavelength of 405 nm. !b" The simulated #E# field at
the plane 3 nm after the Ag and SiO2 multilayer. The left inset is the con-
figuration for photolithography. Only one period !200 nm" is shown.
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!r and positive !" so that waves with arbitrarily large tangen-
tial wave vector k" can propagate in the hyperlens. For im-
aging purposes, the object with subdiffraction-limited fea-
tures is placed near the inner surface of a hyperlens. Waves
with arbitrarily large tangential wave vector k" correspond-
ing to subdiffraction-limited features can propagate through
the hyperlens. In addition, the tangential wave vectors are
gradually compressed as the waves propagate outward along
the radial direction due to the cylindrical geometry of the
hyperlens. Consequently, the subdiffraction-limited features
can be magnified by the hyperlens and then captured by con-
ventional optics to form an image with subdiffraction-limited
resolution. For lithography purposes, the diffraction-limited
pattern is projected onto the outer surface of a hyperlens
from a diffraction-limited mask. As the waves propagate in-
ward along the radial direction, tangential wave vectors are
gradually increased while the waves can still propagate in the
hyperlens. As a result, a diffraction-limited pattern of the
mask can be reduced to a subdiffraction-limited pattern at the
inner surface of the hyperlens.
The working waveleng h f the yp rlens mad of Ag
and Al2O3 in Ref. 17 is 365 nm. In this paper, the hyperlens
is still composed of Ag and Al2O3 cylindrical multila ers but
works at wavelength 375 nm. At wavelength 375 nm !the
permittivities !Ag=−3.12+0.21i "Ref. 24# and !Al2O3 =3.21
"Ref. 25#$, the dispersion rel tion of lectromagnetic waves
in the hyperlens has smaller hyperbolic curvature "flatter#
than that at 365 nm wavelength. The hyperlens with flatter
hyperbolic dispersion relation is ideal to achieve high reso-
lution for optical imaging or lithography because the change
in kr can be minimized as k" varies, which prevents phase
mismatch between waves with different k".
We first use a simulation to demonstrate that a cylindri-
cal hyperlens can generate one-dimensional "1D#
subdiffraction-limited patterns from diffraction-limited
masks. In Fig. 2"a#, the hyperlens is made of 10 nm Ag and
10 nm Al2O3 cylindrical multilayers. The inner and outer
radius of the hyperlens is 120 and 790 nm. The Cr mask !at
375 nm wavelength !Cr=−8.98+9.36i "Ref. 26#$ with thick-
ness 50 nm on the outer surface of the hyperlens has periodic
openings with 280 nm period and 140 nm width. The polar-
ization is TM polarization, a d the H field is defined to be 1
at the openings along the input surface, as shown in Fig.
2"b#. The reduc io factor is determined by the radius ratio of
input and output surfaces, which is 840 /120=7. Photoresist
with permittivity 2.89 "negative photoresist NFR 105G from
JSR Micro# is placed inside the output surface. The simula-
tion carried out by COMSOL MULTIPHYSICS 3.4 shows that at
the output surface, a pattern with 40 nm period is formed,
which is expected as the reduction time of the hyperlens is 7.
Figure 2"c# shows the %E% field along the output surface. The
intensity contrast is "%E%max
2
− %E%min
2 # / "%E%max
2 + %E%min
2 #&0.33,
FIG. 3. "Color online# "a# A schematic of a flat interface
hyperlens. "b# At the input plane, H field is defined to
be 1 at the seven openings with 80 nm width on the
mask. TM polarization is used in the simulation. From
left to right, the distances between the openings are
280, 180, 240, 300, 210, and 160 nm. "c# %E% field dis-
tribution along the plane that is 10 nm below the output
plane. From left to right, the distances between peaks
are 101, 82, 100, 108, 87, and 70 nm. "d# Reduction
characteristics of the flat interface hyperlens. The lines
are linear reduction relations calculated by the formula.
The reduction factors are two times for red line "D
=600 nm, R=600 nm#, 2.5 times for blue line "D
=900 nm, R=600 nm#, and three times for green line
"D=1200 nm, R=600 nm#. The dots are simulation
data.
FIG. 2. "Color online# Generating 1D subdiffraction-limited patterns from a
diffraction-limited mask by a cylindrical hyperlens. "a# %H% field distribution
in the hyperlens. "b# H field along the input surface. The period of the
openings is 280 nm. "c# %E% field distribu ion along the output surface.
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(a)
(b)
(c)
Figure 2.18: (a) Nanolithogr phy assisted by a ML slab: light (green arrows) incident
on a 1D mask is converted into a sub-diffraction pattern. The color diagram represents
the simulated magnitude of the H-field after the ML. Only one period (400 nm) of the
Cr grating mask is shown. (b) Magnitude of the H-field in cyli rical hyperlens us d
for nanolithography, showing the conversion of a 1D diffraction-limited pattern at the
input surface into a sub-diffraction-limited one at the output surface. (c) Schematic of
nanolithography with a flat interface hyperlens. (a) reproduced from Ref. [133], (b) and
(c) from Ref. [11].
2.3.2 Spontaneous emission e gine ring
Solid state lighting [134, 135], optical communicati ns [136], qua tum com-
puting with single photons [137, 138] and fluorescence imaging [139] are examples of
research fields where enhancing spontaneous emission from quantum sources (single
atoms, ions or mole ules, qua tum d s, electron-hole airs in quantum wells, color
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and nitrogen-vacancy centers in diamond, defects in SiC) is highly desirable. Such
quantity depends not only on the dipole moment µ of the transition, but also on the
electromagnetic environment that hosts the emitter [24]. Fermi’s Golden Rule states
indeed that an initial excited state with 0 photons |i,0k〉 decays into a final state | f ,1k〉
with 1 photon of wavevector k at a rate [140]
Γ f i =
2pi
~
|〈 f ,1k|Hint |i,0k〉|2ρ(~ωk). (2.23)
where ~ is Dirac’s constant, Hint = µ ·E is the Hamiltonian of interaction between the
dipole moment and the electric field E and ρ is the photonic density of states, namely the
density of available final photon states with frequency ωk = ω f i, the transition frequency.
ρ can be increased with respect to its value inside a homogeneous dielectric medium,
conventionally termed "free space", by suitably designing the emitter’s surroundings.
The concept of SE engineering was originally explored by Purcell, who quantified
the ratio between the SE rate in a cavity at radio frequencies and the SE rate in free
space as FP = 3λ30Q/4pi
2n3V [141]. This Purcell factor relates the SE enhancement at
the resonant wavelength λ = λ0/n to the quality factor Q and the mode volume V of
a cavity with refractive index n. The Purcell factor has been extended as a figure of
merit to optical cavities of micrometric [142] and nanometric size, for instance formed
by defects in photonic cystals [136] or by metallic-coated semiconductor pillars [143].
The imperfect confinement of radiation at nanoscale requires Purcell enhancement to be
deducted either indirectly from lifetime measurements [136] or by properly redefining Q
and V [143].
Plasmonics offers to SE engineering a physical route alternative to the constructive
interference exploited in cavities. An emitter embedded in a dielectric medium within
the near-field of a metallic flat surface relaxes from an excited state via three competing
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processes: the emission of a photon that propagates in the far field, the emission of a
surface plasmon polariton bound to the metal/dielectric interface, and the generation
of lossy surface waves, that account for electron scattering and electron-hole excitation
[144, 145]. A SP increases the PDOS by channeling the emission into k-vectors larger
than those accessible with photons (k > k0); nevertheless, it constitutes a decay route
inherently radiative, although to be observed in the far field it requires a natural (metallic
surface roughness) or artificial (dispersion of nano-sized scatterers on the metallic surface,
periodic nanopatterning of said surface) outcoupling mechanism [134].
Both the cavity and the SP approach have the intrinsic disadvantage of being
resonant processes, which limits the overlap of the enhanced modes with the emission
spectrum of the source. HMMs overcome these drawbacks thanks to their peculiar
structure [146]. In a ML HMM, several parallel metal/dielectric interfaces are aligned
at distances of a few tens of nanometers from each other. The mutual interaction of
these interfaces, which individually support the same plasmonic resonance, results
in a hybridized response [147, 19]. In other words, the single plasmonic mode of a
conventional metal/dielectric boundary (Fig. 2.19(a)) is replaced by multiple modes
which cover a broader portion of the frequency spectrum (Fig. 2.19(b)). The same kind
of coupling occurs between the metallic rods of a NW HMM, except in this case not only
propagating surface plasmons but also localized surface plasmons are involved.
The SE enhancement allowed by HMMs possesses therefore the unique feature of
being broadband. It is also easily tunable at the design stage by adjusting the metal filling
ratio p [18]. The efficiency of such mechanism is inevitably reduced by the ohmic losses
associated with the metallic constituent [148]. Nonetheless, compared to a bulk metallic
medium of the same size (corresponding to a filling ratio p of 1), a HMM displays lower
ohmic dissipation, as the percentage of metal in the structure is always less than 100%
(p < 1).
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at a maximum rate of !1/(0.070+0.003) ns21 which is attributed to
the molecules strongly coupled to the HMM structure, before slowing
to a minimum rate of 1/(2.2+0.3) ns21, which is determined
mainly by those molecules away from the HMM. By the same
token, for the Ag grating sample, the decay rates at the maximum
and minimum are 1/(0.40+0.03) ns21 and 1/(2.0+0.1) ns21,
respectively (Supplementary Fig. 2). The HMMs with plasmonic
DOS aligned with the molecular emission spectra further enhance
the decay rate by about one order of magnitude compared with
the pure Ag gratings. A total 54-fold Purcell enhancement of the
decay rate was measured for R6G on the nanopatterned
HMM with a period of 200 nm at the emission wavelength
(Supplementary Fig. 3 shows a comparison with pure Si films).
Figure 4 also shows the results for the uniform Ag–Si HMM
(Fig. 4,iii) and the Ag single layer (Fig. 4,i) after division by the
same normalization factor as used for the nanopatterned Ag-Si
HMM and Ag grating, respectively. Compared with uniform
films, a stronger Purcell enhancement was detected in both the
nanopatterned HMM and the Ag grating. The grating nanostruc-
tures outcouple the dominating plasmonic modes in the HMM
for better far-field detection of fast-decaying signals from molecules
strongly coupled to the metamaterials. Not only does the strong
Purcell effect become accessible in the far-field—the fluorescence
intensity is also enhanced significantly.
A systematic study of the geometrical dependence of decay rate
and intensity enhancement was carried out for nanopatterned
HMMs with different grating periods. Figure 5a shows that the
measured lifetime of R6G further decreases as the period of the
grating reduces. A correspondingly larger Purcell factor results in
a total 76-fold decay-rate enhancement for R6G on the nanopat-
terned HMM with a period of 80 nm. The fluorescence intensity
image accumulated over 100 frames at the emission wavelength
was also captured on the area with both nanopatterned and
uniform Ag–Si HMM regions. The ratio of the averaged intensity
for the nanopatterned region and the uniform region identifies
the fluorescence intensity enhancement (Supplementary Fig. 4).
As shown in Fig. 5b, an enhancement factor close to 80-fold was
achieved for the nanopatterned HMMwith a period of 80 nm, com-
pared with an eightfold intensity enhancement for larger periods.
This intensity enhancement on nanopatterned HMMs results
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at a maximum rate of !1/(0.070+0.003) ns21 which is attributed to
the molecules strongly coupled to the HMM structure, before slowing
to a minimum rate of 1/(2.2+0.3) ns21, which is determined
mainly by those molecules away from the HMM. By the same
token, for the Ag grating sample, the decay rates at the maximum
and minimum are 1/(0.40+0.03) ns21 and 1/(2.0+0.1) ns21,
respectively (Supplementary Fig. 2). The HMMs with plasmonic
DOS aligned with the molecular emission spectra further enhance
the decay rate by about one order of magnitude compared with
the pure Ag gratings. A total 54-fold Purcell enhancement of the
decay rate was measured for R6G on the nanopatterned
HMM with a period of 200 nm at the emission wavelength
(Supplementary Fig. 3 shows a comparison with pure Si films).
Figure 4 also shows the results for the uniform Ag–Si HMM
(Fig. 4,iii) and the Ag single layer (Fig. 4,i) after division by the
same normalization factor as used for the nanopatterned Ag-Si
HMM and Ag grating, respectively. Compared with uniform
films, a stronger Purcell enhancement was detected in both the
nanopatterned HMM and the Ag grating. The grating nanostruc-
tures outcouple the dominating plasmonic modes in the HMM
for better far-field detection of fast-decaying signals from molecules
strongly coupled to the metamaterials. Not only does the strong
Purcell effect become accessible in the far-field—the fluorescence
intensity is also enhanced significantly.
A systematic study of the geometrical dependence of decay rate
and intensity enhancement was carried out for nanopatterned
HMMs with different grating periods. Figure 5a shows that the
measured lifetime of R6G further decreases as the period of the
grating reduces. A correspondingly larger Purcell factor results in
a total 76-fold decay-rate enhancement for R6G on the nanopat-
terned HMM with a period of 80 nm. The fluorescence intensity
image accumulated over 100 frames at the emission wavelength
was also captured on the area with both nanopatterned and
uniform Ag–Si HMM regions. The ratio of the averaged intensity
for the nanopatterned region and the uniform region identifies
the fluorescence intensity enhancement (Supplementary Fig. 4).
As shown in Fig. 5b, an enhancement factor close to 80-fold was
achieved for the nanopatterned HMMwith a period of 80 nm, com-
pared with an eightfold intensity enhancement for larger periods.
This intensity enhancement on nanopatterned HMMs results
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(a) (b)
Figure 2.19: Normalized dissipated power spectra (intensity on a logarithmic scale)
for a dipole perpendicular to and at a distance of d=10 nm above a uniform Ag single
layer (a) and a Ag/Si multilayer HMM (b), each with the same total thickness of 305
m. Reproduced from Ref. [18].
The capability of increasing the decay rate can be directly inferred from the
anisotropic properties of hyperbolic media. A mode-co nting procedure in k-space
shows indeed that the PDOS at the angular frequency ω is proportional to the shell
delimited by the isofrequency surfaces at ω and ω+dω [55]. In the case of an isotropic
environment, such shell is spherical: therefore, it encloses a limited portion of the k-space,
resulting in a finite PDOS. In the frequency range where a material behaves ideally as
hyperboli , the shells b come instead hyperboloidal, and as su h unbou ded, leading to
a broadband singularity in the PDOS. In real implementations, the number of available
photon states is prevented from becoming infinite by several factors [149, 146]. First, the
finite size a of the unit cell imposes an upper limit kmax ∼ 1/a to the aximum k-vector
supported by the metamaterial along the direction of periodicity; accordingly, ρ∼ k3max
[55, 149, 146, 150, 151]. It was show that the PDOS becomes infinit o ly in the limit
of infinitesimally small emitter; a realistic spherical source of characteristic size s can
achieve a max mum Purcell factor ∼ λ30/s3 [151]. Furthermore, a fi ite distance fr m
the HMM limits the access of the emitter to the largest k-vectors potentially available
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[146]. Finally, describing the permittivity of the metallic constituent of a ML with the
hydrodynamic Drude model introduces spatial dispersion, which in turn leads to an upper
bound to the PDOS proportional to ω2/v3F , where vF is the electron Fermi velocity of the
metal [70].
As mentioned in the previous paragraph, to evaluate the SE enhancement induced
by HMMs one can associate to such structures a suitable Purcell factor. Rather than
adapting the original formula by Purcell, which is difficult since the radiation confinement
is not as strong as in a cavity, a reasonable solution is to compute straightforwardly
FP = ΓHMM/Γ0, where ΓHMM and Γ0 are the SE rates in the presence of the hyperbolic
environment and in free space.
This ratio can be obtained by means of the dyadic Green function G, a mathemat-
ical tool utilized to predict the emission patterns of point-like sources inside different
environments [24]. In hyperbolic media, both the electric field of a point dipole and the
associated Poynting vector exhibit a characteristic conical shape, due to the anisotropic
wave propagation discussed in Subsection 2.2.1 [152, 150]. The Green tensor was used
to determine the Purcell factor of a single dipole embedded in a homogeneous hyperbolic
space [152] and in an infinite cubic lattice of interacting dipoles in vacuum, where the hy-
perbolic properties were contained in the polarizability α of the individual grid elements
(Discrete Dipole Approximation) [150]. In the case of layered media, G in the half-space
above the ML can be obtained by adding up the free space field and the field reflected
from the anisotropic region, retrieved with a transfer matrix method [58] or with an ef-
fective transmission line theory [153]. Effective permittivities accounting for a nonlocal
metallic response were implemented in the Green function of a ML HMM, and were
predicted to suppress the singularity of Purcell factors computed in local approximation
[70].
An approach alternative to the one discussed above extends the tractation of Ford
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and Weber, who developed a SE enhancement formula for single plasmonic interfaces
[144], to the case of ML HMMs [43, 154, 18]. This semiclassical method approximates
ratios of rates with ratios of powers, and is equivalent to a fully quantum theory in the
weak coupling limit [154, 155]. In [18] and [19], a method was proposed to compute the
Purcell factor of uniform or nanopatterned HMM structures with finite element method
(FEM) simulations. A derivation of the Purcell factor for a medium with elliptical and
hyperbolic dispersion in the framework of quantum optics was carried out in [156].
Several experiments have been conducted to demonstrate SE modification in
HMMs for a variety of quantum sources [55, 87, 56, 43, 157, 57, 18]. The temporal
signature of Purcell enhancement is a decrease in the lifetime of the emitters when
the latter are dispersed within the near field of the hyperbolic medium. Fig. 2.20(a)
shows the decay curves of single molecules separated by a 21 nm transparent spacer
from different substrates of identical thickness 305 nm, represented by a single layer of
dielectric (Al2O3), a single layer of metal (Au), and a ML of 8 dielectric/metal periods
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Fig. 4 (a) and (b) Comparison of the spontaneous emission lifetime
of dye molecules on top of a dielectric (black), metal (blue) and meta-
material (red). Systematic isolation of the effects due to quenching and
plasmons can be achieved by comparing the HMM to a metal slab (blue
curve). The decrease in lifetime on top of the metamaterial as compared
to the metal is due to the spontaneous excitation of HMM states by dye
molecules in the near field of the HMM
by the continuum of high wavevector spatial modes emitted
by the dye in the close vicinity of the metamaterial which
couple to the HMM states. These high wavevector spatial
modes cannot propagate in vacuum or dielectric, and in the
case of metal, they are simply absorbed, giving rise to non-
radiative decrease in the lifetime (quenching). Our simula-
tions show that the imaginary part of the permittivities which
have been ascertained with high accuracy (and confirmed
using ellipsometry) do not cause any additional quenching
as compared to the metal (see supplementary information).
The hyperbolic dispersion in the metamaterial allows propa-
gating modes with large wavevectors which is the cause for
a radiative decrease in the lifetime of the dye.
To summarize, we have made the first step in a meta-
material-based route to engineer the photonic density of
states. We have probed the available local density of states in
the near field of the metamaterial using spontaneous emis-
sion of dyes. The decrease in the lifetime of emitters demon-
strates the spontaneous excitation of unique electromagnetic
states in the metamaterial. Future work will isolate the role
of losses and quenching using an improved metamaterial
design. For a low loss metamaterial with deep subwave-
length nanopatterning these unique electromagnetic states
can far exceed the vacuum density of states dominating all
processes that are governed by the PDOS. The use of gain
media to compensate losses in metallic environments has
led to many significant developments like the SPASER [28,
29] and such approaches will lead to a new methodology of
PDOS engineering based on hyperbolic metamaterials.
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(unfilled) membrane, and silver and gold thin films on
glass. The thickness of the dye-doped polymer film on
the silver-filled membrane, measur with the D ktak 6
profilometer, was equal to∼81 nm. The samples were ex-
cited at λ ¼ 800 nmwith 100 fs pulses of themode-locked
Ti-sapphire laser (Mira-900), and the emission was de-
tectedwith theC5680 streak camera. Because of thewide-
open entrance slit, the time resolution of the streak
camera was ∼30 ps. The emission was separated from
pumping by the 810 nm long-pass filter.
The emission kinetics in the dye-doped film deposited
onto the unfilled membrane was a nearly single exponen-
tial, with the decay-time equal to 760 ps (Fig. 3). Similar
exponential decays were observed in all other control
samples. The emission kinetics in some of the control
samples, e.g., dye-doped PMMA film deposited on gold,
had a short peak overlapping with the pumping pulse;
see Fig. 3. This peak (also observed in some substrates
without dye-doped films) is a combination of the pump-
ing light leaking through the filter as well as the lumines-
cence and nonlinear optical response of the substrate to
100 fs laser pulses. This short pulse is not of interest to
the present study, and we shall concentrate on the emis-
sion kinetics, which follow it. In the film deposited onto
the silver-filled membrane, the emission decay time
of dye (averaged over many measurements taken in dif-
ferent parts of the sample) was as short as ∼125 ps
(Fig. 3) in qualitative agreement with the theoretical
predictions [10].
The shortening of the emission decay-time could not
be due to nonradiative luminescence quenching on silver
inclusions (the surface filling factor was ∼15%), because
no quenching was observed in the dye-doped sample
deposited onto the silver film; see Fig. 3.
The high photonic density of states in a hyperbolic me-
tamaterial gives rise to preferential and enhanced spon-
taneous emission into the membrane. At the same time,
the probability of photon emission to an opposite hemi-
sphere is being reduced [10]. Correspondingly, the emis-
sion intensity, detected in our experiment from the same
side of the sample from which it is illuminated, is ex-
pected to be reduced. This prediction is in an agreement
with the experimental observation; see Fig. 3.
A rigorous quantum-electrodynamic approach for anal-
yzing the problem of spontaneous emission in the vicinity
of lossy, dispersive metamaterial structures was devel-
oped in [1,2]. A related semiclassical model was subse-
quently used in the case of hyperbolic metamaterials,
as described in [10]. The experimentally observed life-
time shortening is stronger than the one calculated based
on this semiclassical approach, which predicts a 1.8-fold
reduction of the effective spontaneous emission lifetime
(Fig. 4). In the simulation, we used the effective param-
eters of the system described above and calculated emis-
sion lifetimes of dipoles randomly oriented and uniformly
distributed within 80-nm-thick PMMA film.
The discrepancy can be even larger if the dye in the
polymer (without metal or metamaterial) has a quantum
yield significantly smaller than unity. The difference can
be explained by a variety of reasons (which will be the
subject of an elaborate future study), including the strong
dispersion of the metamaterial within the bandwidth of
the dye, overestimation of the thickness of the dye-doped
polymeric film, and nonlocal response of the nanorod
metamaterial, which leads to additional waves [14].
To summarize, in the example of alumina membrane
embedded with silver nanowires, we have proven the
Fig. 2. (Color online) Angular dependence of the reflectance R
in s and p polarizations at λ ¼ 873 nm. Solid lines—calculation
according to Eq. (1) of [6].
Fig. 3. (Color online) Emission kinetics in the IR140/PMMA
films deposited on (1) the top of pure alumina membrane,
(2) gold film on glass, (3) si ver film on glass, and (4) silver-filled
alumina membrane.
Fig. 4. (Color online) Calculated effective emission lifetimes
of dipoles randomly oriented and uniformly distributed within
PMMA film on the top of the silver-filled alumina membrane
(normalized to the emission lifetime in pure PMMA).
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(a) (b)
Figure 2.20: Enhanced spontaneous emissi n of dy molecules n mult layer and
nanowire HMMs. (a) SE dynamics of Rhodamine 800 excited at λ0 = 635 nm on top of
Al2O3 (black), Au (blue) and a Au/Al2O3 multilayer (red). (b) SE dynamics of IR140
excited at λ0 = 800 nm on top of (1) a pure Al2O3 membrane, (2) a Au film on glass,
(3) a Ag film on glass, and (4) a Ag/Al2O3 nanowire medium. (a) reproduced from
Ref. [55], (b) from R f. [87].
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[55]. The introduction of a spacer is necessary, since excessively short distances from
the metallic or the HMM surface would make quenching in metal the dominant decay
channel. While the metallic substrate exhibits a faster decay than the dielectric one, due
in part to plasmons excitation and in part to quenching, the ML achieves an even better
performance thanks to its large number of hyperbolic states available and to the lower
ohmic losses. SE can be enhanced also in NW media [87]. In Fig. 2.20(b), deposition on
an Al2O3 template filled with Ag nanowires causes the lifetime of a laser dye, measured
to be 760 ps on top of the void template, to drop to 125 ps. The comparison with Au and
Ag substrates, where quenching due to ohmic losses is expected to be higher than in the
HMM, connects again the observed change to the excitation of high-k propagating waves
rather than of lossy waves. CdSe/ZnS quantum dots were utilized to probe the optical
topological transition (cf. Fig. 2.6) in a Ag/TiO2 ML with filling ratio 29% [43]. When
the wavelength λ0 crossed the critical point λ0,c = 621 nm, the effective parameters of
said HMM evolved from the elliptic to the hyperbolic regime. The correspondent increase
in the PDOS manifested itself in a shortening of lifetime, clearly discernible in Fig. 2.21.
For the present application, the choice of QDs was critical: their photoluminescence
(PL), peaked at λ0,c, had a full-width at half-maximum (FWHM) of ∼ 40 nm, which
allowed the characterization of both the elliptical and the hyperbolic behavior on the
same sample. Even larger FWHMs are exhibited by nitrogen-vacancy (NV) centers
in diamond, promising candidates for the field of quantum information as they show
single-photon generation and long spin coherence times [158]. An efficient production of
quantum bits relies on a broadband SE enhancement mechanism, essential to match the
spectrally wide emission of these light sources. The interaction between NV centers in
nanodiamonds and a Au/Al2O3 ML was studied in a recent work [57]. Over the spectral
interval 650−720 nm, the average lifetime on top of the HMM was reduced by a factor
of 13.48 with respect to a control sample (Fig. 2.22), resulting in an experimental Purcell
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Time-resolved PLmeasurementswere carried
out on the metamaterial sample, the control sam-
ple, and the glass substrate (Fig. 3C) at the antic-
ipated transition wavelength (621nm) and at
spectral positions on either side (605 and 635 nm).
The large change in the spontaneous emission
lifetime of the QDs on the metamaterial com-
pared with the glass substrate is due to the ex-
citation of the high-k metamaterial states as well
as the nonradiative contribution and the SPP
modes of the metamaterial. When compared with
the control sample, the metamaterial shows an
enhancement in the spontaneous emission rate by
a factor of ~3 at the transition wavelength and
~4.3 deeper in the hyperbolic regime (635 nm).
These enhancements are attributed to the high-k
metamaterial states. The overall reduction in the
lifetime of the QDs when compared with those
on a glass substrate is ~11.
The lifetime of the QDs increases as a func-
tion of wavelength on both the glass substrate
and the control sample (Fig. 3D). This is due to
the size distribution of QDs and the dependence
of the oscillator strength on the energy (24–26).
On the contrary, themetamaterial sample shows a
decrease in the lifetime as a function of wave-
length and the shortest lifetime owing to coupling
to the high-k metamaterial states (Fig. 3D). The
coupling of the emission from the QDs into the
metamaterial states was also verified by using
steady-state PL measurements (fig. S6) in which
a reduction in the PL intensity emitted in the di-
rection away from the metamaterial sample was
observed (21, 27).
To demonstrate the OTT, we studied the ra-
diative lifetimes in three samples with differing
volume ratio of metal to dielectric, which corre-
spond to different transition wavelengths. We
compared the lifetimes of the sample with 29%
fill fraction of silver to one with 23% fill fraction,
which lies deep in the elliptical phase, and to
another sample that lies deeper in the hyperbolic
phase, with fill fraction of 33% (21). To make
any conclusions regarding the effect of the OTT
on the radiative lifetimes from the measurement
of the total decay rates, the contribution of the
high-kmetamaterial states has to be distinguished
from nonradiative decay and the SPP-assisted
decay of the unit cell. Because the spacer and
first-layer environment of the QDs is the same in
the control and the metamaterial sample, we ex-
pected similar quantum yield dependence onwave-
length owing to near-field interaction of the QDs
and the metallic structure. Thus, to account for
purely the contribution from the high-k metama-
terial states to the overall lifetime change, we
normalized the QD lifetime on the metamaterials
with that on the control samples (Fig. 4). The
controls for the three samples are different and
correspond to the unit cell of each metamaterial
sample. To compare these three samples, which
have OTTs at different wavelengths, we normal-
ized the wavelength with respect to the transition
wavelength, with positive and negative Dl cor-
responding to the hyperbolic and elliptical dis-
persion regimes, respectively.
We clearly observed a sharp reduction in the
normalized lifetime of the samples with 29 and
33% fill fractions that cross the transition wave-
length, whereas the samplewith 23% fill fraction,
which lies in the elliptical regime, did not show
this reduction.Whereas the combination of metal
losses and finite thickness of layers leads to a
smooth crossover, the signature of the transition
is clear from the reduction in the normalized life-
time in the hyperbolic regime. The difference in
the absolute value of the normalized lifetimes in
the two samples that show the transitions is due
to the differing fill fractions (29 versus 33%) and
associated difference in the dielectric constants.
Thus, the changes in the lifetime observed exper-
imentally in these metamaterial structures can be
attributed to the increase in the photonic density
of states that manifests when the system goes
through the topological transition in its iso-
frequency surface from an ellipsoid to a hyper-
boloid, which is in good agreement with the
theoretical prediction of Fig. 2B.
We have established the occurrence of OTT
in twometamaterial structures using spontaneous
emission from a quantum emitter as the probe.
Absence of OTT in a structure that lies solely in
the elliptical dispersion phase has also been dem-
onstrated. A host of interesting effects can tran-
spire at the transition wavelength, such as the
sudden appearance of resonance cones, which
are characteristic of hyperbolicmetamaterials (28),
enhanced nonlinear effects, and abrupt changes
in the electromagnetic energy density. We expect
the OTT to be the basis for a number of ap-
plications of both fundamental and technological
importance through use of metamaterial-based
control of light-matter interaction.
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Fig. 4. The lifetime on the
metamaterial structures normal-
ized with respect to the control
samples. The wavelength axis
has been normalized with re-
spect to the transition wavelength
to compare the three samples.
Here, positive and negative Dl
correspond to hyperbolic and el-
liptical dispersion regimes, re-
spectively. The samples with fill
fractions of 29 and 33% show
the OTT manifested through
sharp reduction in spontaneous
emission lifetime when crossing
over to the hyperbolic disper-
sion regime. On the contrary,
the sample with 23% fill frac-
tion, which lies in the elliptical
dispersion regime, does not show
such a reduction in lifetime. The experimentally observed transition is in good agreement with the
theoretical prediction of Fig. 2B.
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Figure 2.21: Lifetime of CdSe/ZnS colloidal quantum dots on top of Ag/TiO2 MLs with
different filling ratios, normalized to the control samples. ∆λ represents the detuning
with respect to the topological transition wavelength, λ0,c = 621 nm, at the filling
fraction 29%. Reproduced from Ref. [43].
factor of 2.57. Finally, SE enhancement when the source is located inside a HMM rather
than on top of it was explored experimentally, by functionalizing layers of dielectric
with dy molecules [61], and with theoretical stu ies [19, 154]. A dynamically tunable
Purcell enhancement can be achieved at far-infrared frequencies if the metal layers are
replaced with graphene sheets [47, 49].
Despite th emission speed is increased in th presence of HMM substrates,
the emission intensity is always concomitantly reduced. The high-wavev ctor states
responsible for the SE enhancement are indeed propagating inside the hyperbolic medium,
but become imm diately evanescent as they enter the outer isotropic space. As a result,
the net a ount of radiation that reaches the far field is decreased with respect to free
space, unless a conversion mechanism is introduced that outcouples the "trapped" waves.
The extra k-vector that impedes propagation in free space c n be lost by scattering with
natural or artificial corrugations of the HMM surface, such as nanoparticles or gratings
with various geometries and shapes (Figs. 2.23(a) and 2.23(b)) [18, 19]. Figs. 2.23(c) and
45
(a) (b)
Figure 2.22: Histograms of spontaneous emission lifetimes of Nitrogen-Vacancy centers
in diamond on top of (a) a glass coverslip (control sample) and (b) an Al2O3 multilayer.
The corresponding mean value and standard deviation of the lifetime distribution are (a)
20.89 ns and 1.15 ns, (b) 1.55 ns and 0.95 ns. Reproduced from Ref. [57].
2.23(d) show the dependence of Purcell factor and intensity enhancement on the period
of 1D gratings with rectangular profile patterned in a Ag/Si ML. As the grating period
is decreased, both quantities increase, the change becoming more marked below 150
nm. A finer periodicity results indeed in a better match with high-k plasmonic modes; a
period of 80 nm reaches a Purcell factor as high as 76, and an intensity enhancement with
respect to an unpatterned ML close to 80-fold, much higher than the 8-fold one achieved
with larger periods.
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in the time domain (Supplementary Section 3). Because Purcell
enhancement depends on dipole–substrate distance, the time-
resolved fluorescence measures an averaged effect from molecules
distributed within the PMMA layer thickness. The theoretical
model takes this into account by averaging the time response of
the dipoles at different spatial locations, whereas the outcoupling
effect of the nanopatterns is taken into account by introducing an
effective outcoupling coefficient into the model (Supplementary
equation (10)). The theoretical fit based on this model is given as
solid lines in Fig. 4, which agrees well with experimental measure-
ments (see Supplementary Section 3 for the fitting procedure).
The model not only predicts the change in spontaneous emission
rates at different times determined by the interaction strength of
molecules with the substrate, but also explains the outcoupling
mechanism that helps improve the radiative emission, for better
identification of the Purcell enhancement of the system.
In conclusion, we have shown that the spontaneous emission rate
of a dye molecule embedded in a polymeric matrix can be greatly
enhanced by nanostructuring HMMs composed of alternating mul-
tilayers of Ag and Si. In nanopatterned HMMs, non-radiative plas-
monic modes are outcoupled, resulting in a 76-fold enhancement in
Purcell factor and an 80-fold enhancement in emission intensity
compared to HMMs without nanostructuring. In addition, theoreti-
cal calculations show that these enhancements can be tuned to a
desired wavelength across the visible spectrum by changing the met-
allic filling ratio in the HMMs. Further improvements can be
obtained by optimizing the distribution of dipole emitters and the
design of the nanostructure geometry. Engineering plasmonic
DOS using outcoupling nanostructures in multilayer HMMs can
provide desired tunability of Purcell factor enhancement for light
emission, with both high speed and high radiative intensity at
broadband operational frequencies, for applications in biosensing,
surface-enhanced Raman spectroscopy and light-emitting devices.
Methods
Fabrication of nanopatterned multilayer HMMs. Ag–Si multilayers, composed of
15 pairs of 10 nm Ag and 10 nm Si layers with a capping Si layer of 5 nm, were
prepared by alternately d.c. magnetron sputtering Si and Ag layers onto glass
substrates at room temperature. Sputtering rates for Ag and Si at 50 W
(!2.5 W cm22) were 1.6 Å s21 and 0.16 Å s21, respectively, as determined by low-
angle X-ray reflectivity measurements of calibration sample film thicknesses. The
5 nm capping layer helps prevent Ag oxidation as well as rapid quenching of
emitters in the vicinity of the metal surface. The base pressure of the chamber was
5× 1028 torr and the Ar pressure was fixed at 2.0 mtorr. Nanoscale trenches
were inscribed into the multilayers by focused ion beam (FIB) milling with
different periods to form grating nanostructures. The Ga ion implantation effect
introduced during the FIB milling process was not observed in our experiments.
The fluorescence R6G dye molecules mixed in PMMA were spin-coated onto the
uniform and nanopatterned surface of the multilayers to a thickness of 80 nm.
A flat PMMA top surface was formed (Supplementary Fig. 5).
Measurements of time-resolved photoluminescence. The lifetime of the R6G dye
molecules on various samples was measured by time-resolved photoluminescence
in a two-photon microscope system27. A Ti:sapphire laser system (Spectra-Physics
Mai Tai) with a pulse width of less than 100 fs and a repetition rate of 80 MHz was
applied to excite R6G with an excitation wavelength of 800 nm. A dichroic filter
(700 nm) was used to block the laser light from detection. Through an emission
filter at 560 nm with a bandwidth of 15 nm, the fluorescence signal was collected
by a ×20 objective (numerical aperture¼ 0.4) before being recorded by a
Hamamatsu photomultiplier tube.
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Figure 5 | Experimental demonstration of the geometrical dependence of Purcell and fluorescence intensity enhancement on nanopatterned multilayer
HMMs. a, Lifetime (black) measured at the maximum decay rate of time-resolved fluorescence, and the corresponding Purcell factor (red) for R6G on the
nanopatterned Ag–Si HMM with different grating periods. Solid lines are a guide to the eye. b, Fluorescence intensity enhancement for R6G on the
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emission for isotropic dipole emitters placed at different locations
on uniform and nanopatterned Ag–Si HMMs at l¼ 600 nm.
Data corresponding to the dashed lines are replotted in Fig. 3c,d
for a direct comparison of the characteristics on different substrates.
The Purcell enhancement for a uniform HMM is known to decay
exponentially away from the substrate, that is, along the z-axis.
The introduction of nanopatterning in uniform HMMs leads to
new variations in the Purcell factor in the x–y plane. The nanopat-
terned HMM retains a similar trend in Purcell enhancement at x–y
locations away from the nanoslit, but has weak enhancement close
to the nanoslit opening due to effectively larger emitter–metamater-
ial distances. At dipole locations 1, 2 and 3 (Fig. 3a), the Purcell
factor as a function of emissio wavelength (Fig. 3e) further illus-
trates th local pla monic DOS and the s ectral similarity between
uniform and anopatter ed multilayer HMMs, wher as the
Purcell enhancemen close to the sidewall of the nanoslit shifts to
longer wavelengths because of the anisotropic material property of
the ultilayer HMMs.
Th nks to the outcoupling effect of the grating, radiative emis-
sion is significantly enhanced on nanopatterned multilayer
HMMs compared with uniform ones, as shown in Fig. 3b (for
calculation details see Supplementary Section 2). The radiative
emission on the uniform HMM is almost invariant with emitter–
metamaterial distance, whereas on the nanopatterned multilayer
HMM it has strong enhancement close to the surface of the
HMMs where higher plasmonic DOS is available for outcoupling
(see the mapping of the Purcell factor in Fig. 3a). The corresponding
spectra of radiative enhancement for dipole locations 1′, 2′ and 3′
(Fig. 3b) are also shown in Fig. 3f. In co parison with the
uniform HMM, radiative emission on the na opatterned HMM is
improved by over 100% at the peak wavelength, which will lead to
the same improvement in the external quantum efficiency of
dipole emitters (Supplementary Fig. 1). It is worth noting that the
radiative enhancement factor relies on the geometry of the nanopat-
terns (see also Fig. 5).
To identify, experimentally, the Purcell enhancement of the mul-
tilayer HMMs, the lifetime of R6G dye molecules on various
samples was measured and compared by time-resolved photolumi-
nescence in a two-photon microscope system (see Methods).
Figure 4 shows the measured time-resolved fluorescence decay
curves (open circles), with peaks normalized to unity, for R6G on
both n nopatte ned Ag–Si HMM (Fig. 4,iv) and Ag grating
(Fig. 4,ii) substrates. The lifetime of R6G in methanol solution (as
a reference) was determined to be 3.8 ns according to the corre-
sponding decay curve (black circles), which agrees well with the
typical value in th literature25. Unlike the case of R6G in methanol,
the decay rate for the nanopatterned Ag–Si HMM and the Ag
grating cannot be fit by a single-exponential function, because the
detected fluoresc nce signals arise from the collective esponses of
the molecules randomly distributed in polymethyl methacrylate
(PMMA) (Fig. 1a). For the nanopatterned Ag–Si HMM sample
with a period of 200 nm, the fluorescence intensity initially decays
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Figure 1 | Nanopatterned multilayer HMMs. a, Schematic configuration of nanopatterned multilayer HMMs on a glass substrate. The multilayers consist of
Ag–Si stacks (thickness of each layer, 10 nm; total thickness H, 305 nm). Grating patterns with different periods are formed in the multilayers by FIB milling.
The R6G dye molecules mixed in PMMA are spin-coated onto the surface to a thickness of h¼ 80 nm. b, SEM image of one of the fabricated nanopatterned
HMMs (period a¼ 200 nm; width w¼ 40 nm). Inset: tilted-angle SEM image of the grating nanostructure. c, Dark-field STEM images of the cross-sections
of Ag–Si multilayers under different magnifications, showing well-formed periodic lattice structures (each layer thickness, "10 nm). The white colour
corresponds to Ag and the black to Si. d, Element mapping for the constituent materials (Si and Ag), verifying the established multilayer lattice with some
minor diffusion of Ag into Si.
NATURE NANOTECHNOLOGY DOI: 10.1038/NNANO.2013.276 LETTERS
NATURE NANOTECHNOLOGY | VOL 9 | JANUARY 2014 | www.nature.com/naturenanotechnology 49
(a) (b)
(c) (d)
Figure 2.23: (a) and (b): outcoupling geometries for multilayer hyperbolic metamateri-
als. (a) rectangular 1D grating patterned o a Ag/Si multilayer, with emitters contai d
in the green region. (b) triangular 1D grating patterned on a Ag/Si multilayer, with
emitters contained in the ochre region. (c) Spontaneous emission lifetime (black) and
corresponding Purc ll factor (red) f r th dye molecule Rhodamin 6G on th n pat-
tern d Ag/Si multilayer of Fig. 2.23(a), as a function of the grating period. The solid
lines are a guide to the eye. (d) Fluorescence intensity enhancement for Rhodamine
6G o the nanopattern d Ag/Si multilayer of Fig. 2.23(a), as a function of the grating
period. Insets: optical images of the fluorescence intensity accumulated over 100 frames
(grating periods: (i) a=80 nm; (ii) a=100 nm; (iii) a=200 nm). Error bars represent the
fluctuations in fluorescence photo-counts. (a), (c) an (d) reproduced from Ref. [18],
(b) rom Ref. [19].
2.3.3 Thermal emission engineering
The power emission of a black body at thermal equilibri m is rul d by Planck’s
law. Although this limit cannot be overcome in the far-field, the same is not true in
the near-field, where the high PDOS f HMM leads to super-Planckian thermal emis-
sion [159]. The potential applications of this phenomenon spa from energy harvesti g
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and conversion to thermal coeherent sources and thermal sinks [53, 54]. In order to
engineer heat transfer, researchers focussed their attention on SiC, a phonon-polaritonic
metal where the real part of permittivity becomes negative in the infrared inside the
Reststrahlen band, delimited by the transverse and the longitudinal optical phonon res-
onance frequencies [53]. HMM ML formed by stacks of SiC and SiO2 layers exhibit
three advantages. First, their high-k states can be thermally excited at moderate tem-
peratures around 400-500 K, where the peak of the black body curve falls within the
Reststrahlen band. Second, phonon-polaritonic metals have lower losses compared to
plasmonic metals, and therefore the contribution of high-k modes dominates that of lossy
surface waves. Third, as SiC/SiO2 MLs operate in the wavelength interval 10-12 µm,
the fabrication of subwavelength layers (period 50-100 nm) is relatively easy, and the
effective medium theory is more accurate with respect to the optical range. For the same
reason, the engineered near-field (distances z λ0) can be accessed experimentally with
conventional detection systems.
The optical phase diagram of SiC/SiO2 MLs is shown in Fig. 2.24(a). The emitted
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We develop the fluctuational electrodynamics of metamaterials with hyperbolic dispersion and show
the existence of broadband thermal emission beyond the black body limit in the near field. This arises
due to the thermal excitation of unique bulk metamaterial modes, which do not occur in conventional
media. We consider a practical realization of the hyperbolic metamaterial and estimate that the effect
will be observable using the characteristic dispersion (topological transitions) of the metamaterial
states. Our work paves the way for engineering the near-field thermal emission using metamaterials.
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Engineering the black body thermal emission using arti-
ficial media promises to impact a variety of applications
involving energy harvesting,1 thermal management,2 and
coherent thermal sources.3 The usual upper limit to the
black-body emission is not fundamental and arises since
energy is carried to the far-field only by propagating waves
emanating from the heated source. If one allows for energy
transport in the near-field using evanescent waves, this limit
can be overcome. Thus thermal emission beyond the black
body limit is expected due to surface electromagnetic excita-
tions4 or at the edge of the bandgap in photonic crystals,5
where there is a large enhancement in the photonic density
of states. Advances in near field scanning and probing tech-
niques6–8 have led to conclusive demonstrations of these
effects.
One limitation of the above mentioned approaches using
photonic crystals or surface electromagnetic excitations is
that the energy transfer beyond the black body limit (super-
Planckian9,10 thermal emission) only occurs in a narrow
bandwidth. In this paper, we show that artificial media
(metamaterials) with engineered dielectric properties can
overcome the limitation of super-Planckian thermal emission
at a single resonant frequency. Our work rests on the recently
discovered singularity in the bulk density of states of meta-
materials with hyperbolic dispersion.11–13 The unique prop-
erty which sets these hyperbolic metamaterials (HMMs)
apart from conventional approaches of engineering the pho-
tonic density of states (PDOSs) is the broad bandwidth in
which the PDOS is enhanced.
The dielectric tensor of the HMM is given by e$ ¼
diag½exx; eyy; ezz# with exx ¼ eyy and exx $ ezz < 0. The extraor-
dinary waves in this extremely anisotropic uniaxial medium
follow a hyperboloidal isofrequency surface ðk2x þk2yÞ=ezz þ
k2z =exx ¼ k20 (~k ¼ ½kx; ky; kz# and k0 is the free space wavector)
as opposed to spherical in a conventional medium (Fig. 1). It
follows immediately that waves with very large wavevectors
are allowed to propagate in this HMM, which would have
been evanescent in any conventional medium (Fig. 1(a), red
arrows). The PDOS enhancement occurs due to the contribu-
tion of these high-k modes. The use of these states for quan-
tum nanophotonics was proposed11 and later experimentally
verified by multiple groups.14–16
Here, we develop the fluctuational electrodynamics of
HMMs to analyze the role of the large enhancement in the
density of states on the thermal emission. Our work paves
the way for engineering the thermal emission using metama-
terials for applications such as near-field thermophotovol-
taics17 and near-field thermal sources. We show that the
characteristic dispersion of the high-k states (topological
transitions in the isofrequency surface18) manifests itself in
the thermal emission beyond the black body limit. We also
FIG. 1. (a) (i) Multilayer hyperbolic metamaterial (HMM) with unit cell size
“a” consisting of alternating layers of silicon carbide and silicon dioxide (ii)
Ellipsoidal isofrequency surface for effective anisotropic dielectric
(exx ¼ eyy > 0, ezz > 0) (iii) type I HMM with only one negative component
in the dielectric tensor (exx ¼ eyy > 0, ezz < 0) (iv) type II HMM with two
negative components (exx ¼ eyy < 0, ezz > 0) The arrows denote the allowed
wavevectors in the medium which can take large values in the HMM. (b)
Optical phase diagram of SiC/SiO2 metamaterial showing the different opti-
cal isofrequency surfaces achieved in different regions depending on the fre-
quency of operation and fill fraction of metal. The dark blue area denotes an
anisotropic effective metal where propagating waves are not allowed.a)zjacob@ualberta.ca.
0003-6951/2012/101(13)/131106/5/$30.00 VC 2012 American Institute of Physics101, 131106-1
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in Fig. 2. A number of interesting features are observed in
the various phases. The thermal emission exceeds the black
body limit in three regions (a) type I HMM, (b) type II
HMM, and (c) dark red line in the effective metal region
which is due to a surface-phonon-polariton resonance. We
note that (c) occurs only in a narrowband range in the effec-
tive anisotropic metal region22 and does not occur for fill
fraction less than 0.5 (the resonance condition is ejj ! e? ¼ 1
which cannot be fulfilled unless we have an effective metal).
We therefore focus our discussions on metamaterials with
f # 0:5 to emphasize the role of the high-k modes.
To understand whether the analytical high-k approxima-
tion is realized in practice, we perform a full calculation for
metamaterials with fill fraction 0.5 and 0.25. The results of
the full calculation are in excellent agreement with our high-
k approximation at distances of z¼ 100 nm, which can easily
be probed in experiment (Fig. 3). Notice that the two regions
of broadband super-Planckian thermal emission (normalized
to the black body emission into the upper half space) are due
to type I and type II hyperbolic metamaterials (Fig. 3(a)).
The metal-dielectric composite behaves like an effective
dielectric in the region in between these two phases and
hence the thermal emission is low (no high-k modes). When
the fill fraction is 0.5, these two frequency ranges are not
separated by bands of effective dielectric or metal and hence
super-Planckian thermal emission is observed in the entire
Reststrahlen band of silicon carbide (Fig. 3(b)). These effects
can be classified as the consequence of the metamaterial top-
ological transitions18 on thermal emission.
The two small peaks in Fig. 3(b) are related to the trans-
verse optical phonon resonance of silicon carbide (xTO) and
the resonant meeting point of all the optical phases
(xs ¼ 171:2$ 1012 Hz) where the EMT parameters reach a
singular limit (exx ¼ eyy ! 0, jezzj ! 1) (Fig. 3(b) inset).
A natural question arises whether the optical phases pre-
dicted by effective medium theory can be achieved in prac-
tice. We first note that the wavelength of operation of the
metamaterials lies between 10 and 12 lm and hence it is rela-
tively easy to fabricate extremely subwavelength layers
(a¼ 50–100 nm), where a is the unit cell size. We therefore
expect the effective medium theory to be valid. To verify this
expectation, we calculate the local density of electromagnetic
states23,24 (LDOSs) in the near-field of the hyperbolic meta-
materials using a practical multilayer realization.16 The LDOS
(qEðz;xÞ) is related to processes such as spontaneous and
thermal emission. Our simulations take into account the role
of losses, dispersion, finite unit cell size, finite sample size,
and also effects due to the substrate.
We define and calculate the wavevector-resolved local
density of states (WLDOSs), which carefully elucidates the
contribution of the high-k waves to the near field local den-
sity of states and is related to the thermal emission.16 The
WLDOS (qEðz;x; kqÞ) can be obtained from the Green’s ten-
sor25 as follows qEðz;xÞ ¼ ð2x=ðpc2ÞÞImðTrðG$
E
ðz; z;xÞÞÞ
¼ Ð kq qEðz;x; kqÞdkq (see supplementary information). In
Figures 4 and 5, we show a false color plot of the available
electromagnetic modes in the near field of the metamaterial
FIG. 2. Super-Planckian thermal emission in the near field of the HMM
(normalized to the black body radiation into the upper half-space) calculated
analytically. The characteristic dispersion of high-k states and optical phases
of the HMM are evident. Note that the thermal emission is enhanced in a
broadband range due to the high-k states present in the type I and type II
HMM region but not in the effective dielectric region. The dark narrow band
of high thermal emission occurs in the effective metal region due to a sur-
fac ph non polariton resonance.
FIG. 3. Comparison of the analytical result in the near field with an exact
numerical solution for an effective medium HMM with metallic fill fractions
(a) 0.25 and (b) 0.5. The thermal emission is normalized to the black body
emission to the upper half-space with insets showing the effective medium
dielectric parameters of the metamaterial. Note the excellent agreement
between the analytical expression and full calculation. Furthermore, the
broadband super-Planckian thermal emission shows the expected topological
transitions and closely follows the optical phases as expected. The two peaks
in the exact calculation (b) correspond to the transverse optical phonon reso-
nance (xTO) and the singular meeting point of the optical phases (xs).
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(a) (b)
Figure 2.24: (a) Optical phase diagram of a SiC/SiO2 multilayer HMM showing the
different optical isofrequency surfaces achieved in different regions. The dark blue area
d tes an anisotropic effective metal ere propagating waves are not allowed. (b)
Super-Planckian thermal emission in the near field of th HMM (normalized to the
black body radiation into the upper half-space) calculated analytically. Reproduced
from Ref. [53].
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energy density of a HMM in equilibrium at temperature T , at distances z restricted to the
near field and in the limit of low losses is given by [53]:
u(z,ω,T )zλ0 ≈ UBB(ω,T )
8
[
2
√|εxxεzz|
(k0z)3(1+ |εxxεzz|) − ε
′′ 2(εxx+ εzz)
(k0z)3(1+ |εxxεzz|)2
]
, (2.24)
where UBB(ω,T ) is the black body emission spectrum at temperature T , and εxx, εzz
and ε′′ are the real and imaginary parts of the permittivity components ε‖ = εxx + iε′′
and ε⊥ = εzz + iε′′ parallel and orthogonal to the layers. The first term represents the
contribution of high-k modes, and greatly exceeds the second, related to lossy surface
waves. Eq. (2.24) is plotted in Fig. 2.24(b) for a SiC/SiO2 system; the comparison with
the phase diagram of Fig. 2.24(a) highlights that emission enhancement is attained only
in the hyperbolic regime, where the PDOS is larger.
Thanks to their capability of altering near-field thermal emission, HMMs can
increase heat transfer from and to materials which support infrared surface polariton
resonances. A lattice of Au NWs in vacuum was shown to enhance non-resonantly the
heat flux from a SiC emitter [160]. Heat exchange through a tiny gap between two
SiC/SiO2 ML HMMs exceeds the performance of analogously arranged black bodies,
and is mainly influenced by the surface modes of the topmost layers [161].
Thermophotovoltaic devices require heat transfer at high temperatures and near-
infrared frequencies; to this end, the operating range of thermal hyperbolic MLs can be
tuned to 1-3 µm by utilizing aluminum zinc oxide (AZO, plasmonic metal) and TiO2
[54].
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2.3.4 Active and tunable devices
Like in many other metamaterials designed for exhibiting extraordinary optical
properties, the performance of hyperbolic media is limited by the ohmic damping associ-
ated with free charge carriers, which imposes a cut-off on the achievable wavenumber of
the propagating modes [157]. High wavenumbers correspond to a stronger concentration
of electric field inside metals: as a consequence, the associated modes experience larger
ohmic losses which prevent long propagation. This proves detrimental especially for
the detection of sub-wavelength objects. It was shown numerically that lossless HMMs
can achieve much higher resolution than those with realistic ohmic damping [109]. In
addition, gain-compensated hypergrating structures were predicted to produce narrower
focal points than their passive counterparts [162]. It is therefore desirable to incorporate
gain materials, such as dye molecules and semiconductors, in the HMM design.
Thanks to the non-resonant nature of HMMs, loss compensation can be achieved
with lower gain coefficients than those required by resonance-based artificial media. Nu-
merical investigations were carried out to eliminate the influence of losses in metal/dielectric
MLs [162, 163, 164]. TM-polarized propagating modes can be over-compensated by
a gain medium with an imaginary part of the permittivity as low as ε′′ = −0.04. This
corresponds to a gain coefficient of about 2000 cm−1. The above numerical studies
only considered stimulated emission from the gain material. In addition, spontaneous
emission can also be induced, which is undesirable for imaging and focusing purposes as
it produces blurring background. The noise generated by spontaneously emitted light is
amplified, eventually reaching the so-called convective instability as the gain material
gets pumped harder [163]. Therefore, the point of total compensation should be avoided
for all the propagating modes in the HMM. To the best of our knowledge, a rigorous
treatment incorporating the nonlinear dynamics of the carriers, such as exciton saturation,
in the gain material has not been carried out, nor has the experimental demonstration of
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gain-assisted imaging or focusing been achieved.
Realistic candidates as gain media can be identified among the materials utilized
in active plasmonics. Khurgin and Boltasseva [148] estimate that a gain of the order
of 103− 104 cm−1 is required to compensate for the ohmic damping in metals. This
value is attainable in semiconductors with an injected carrier density of ∼ 1018 cm−3,
although the pumping current density needed to maintain such concentration might
be unpractical. Stimulated emission of SPs has been observed in the visible and near
infrared in structures including, besides electrically pumped semiconductor gain media
[143, 165], a dye solution [166, 167], a dye-doped polymer [168, 169, 170, 171], dye-
doped SiO2 shells [172], Er-doped SiO2 [173], a quantum-dot-doped polymer [174], and
CdS nanowires [175]. A direct measurement of gain in propagating SPs was reported
by De Leon and Berini [167]. The analyzed structure consists in a symmetric Au-stripe
waveguide, 20-nm thick and 1-µm wide, deposited on SiO2 and covered with a gain layer
of IR140 dye molecules in solution (1 mM concentration). When the latter are optically
pumped, not only the losses are totally compensated, but the power of the probe beam
coupled out of the structure is also 10% larger than the injected one. Several details
govern the effectiveness and the repeatability of the active operation regime: 1) the gain
anisotropy, determined by the relative polarization of the probe (cw Ti:sapphire laser) with
respect to the pump (pulsed Nd:YAG laser); 2) the duration of the measurement, as the
dye molecules - in the absence of recirculation of the solution - undergo photochemical
modifications after 5 minutes of pump and probe illumination; 3) the thermal stability of
the solution, that needs to be thermo-electrically cooled and enclosed in a dry environment
to prevent thermo-optic modifications of its refractive index; 4) the local heating of the
metal film during the pump pulse, resulting in a slight islandization of the film itself and
therefore in a degraded performance; 5) the possible pulse-to-pulse energy variations of
the pump signal, which can be taken into account by averaging the gain measurement
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over multiple pump pulses. Another experiment demonstrated an active negative-index
metamaterial based on a fishnet structure [170]. The gain medium is represented here by
a 50-nm epoxy layer doped with Rh800 dye (20 mM concentration), sandwiched between
two 50-nm Ag layers. The material gain, extracted by matching numerical simulations
with the experimental measurements, results 2800 cm−1. Salient aspects of the device
characterization are: 1) the use of the same source (pulsed Ti:sapphire laser) to generate
both the pump and the probe pulses; 2) the optimization of the time delay between the
pump and the probe pulses, to ensure that the dye offers the maximum gain; 3) the use of
an average pump power of 1 mW, below the damage threshold for the sample but 5 times
larger than the gain saturation power of the doped epoxy; 4) photobleaching of the dye
molecules, observed after 5 minutes of illumination; 5) the good match between optical
measurements without pump and with a detuned delay between pump and probe (i.e. the
pump is turned on, but does not operate effectively), which excludes influences from the
setup or local heating.
A tunable behavior can be achieved in ML HMMs by means of graphene, a
material that supports plasmonic resonances in the THz frequency range [176, 126, 177].
Its attractive features include low loss, high confinement of electromagnetic energy and
fast response time. The conductivity of graphene can be tuned by shifting the Fermi
level with an external electric field. This suggests that a dramatic optical phase change
from the elliptical to the hyperbolic regime through the ENZ point can be induced in
graphene-based MLs by varying the electrical doping level [47, 49, 178]. The ultrathin
graphene sheets, with their strong in-plane polarizability2 [180], would play the role
of the metal, with the further advantage of lower absorption and a reduced overall ML
thickness.
The integration of graphene in ML hyperbolic structures was proposed and
2As already mentioned, graphite, naturally consisting of stacked graphene layers, exhibits indefinite
permittivity tensors both in the ultraviolet and in the THz region [40, 179].
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theoretically investigated in recent works [47, 49, 50]. A controllable elliptic-hyperbolic
phase transition would imply sharp changes in reflection and transmission through the
HMM, in the near-field absorption properties and in the Purcell effect.
2.3.5 Emerging topics
By virtue of the high k-vectors supported, ML HMMs can be shaped into deep sub-
wavelength three-dimensional cavities (Fig. 2.25(a)), with sizes down to λ/12 [182, 65].
In addition to the extreme confinement, HMM resonators also exhibit anomalous scaling
properties: cavities of different sizes resonate at the same frequency, and higher-order
modes oscillate at lower frequencies. The radiative quality factors Qrad were shown to
the cavity mode. It can be seen that the transmission depths are
shallower for smaller cavities with the same mode order, and
higher-order modes transmit more light (Fig. 3c). This indicates
that the radiation coupling strength is strongly dependent on
cavity size and mode order, which is determined by the resonating
wave vector. As illustrated in Fig. 2a, for a smaller cavity, the reso-
nating wave vector is further from the IFC of air, so radiation coup-
ling between the cavity mode and the incident plane wave is weaker
due to the increased momentum mismatch. The hyperbolic dis-
persion of an indefinite medium supports very large wave vectors,
so the radiative loss of such cavities is strongly suppressed.
To measure the Qrad of the cavity modes, the absorption loss of
the metal has to be isolated. We used coupled mode theory30,31 to
retrieve the vertical coupling radiation quality factors Qrad,v
between the plane wave and the cavity modes within a unit wave-
guide channel based on the measured transmission spectra from
the cavity array (Supplementary Sections S4,S8). We found a univer-
sal fourth power law between Qrad,v and k: that is, Qrad,v≈ (k/k0)4 or
neff
4, for all cavities of different height, width, mode order and
resonant frequency (Fig. 4a). Because the wave vector is pro-
portional to the mode order divided by the cavity size, a smaller
cavity or higher-mode order has a higher Qrad,v arising from the
larger momentum mismatch. Although the experiment measured
Qrad,v , the FDTD calculation shows that the total radiation quality
factor Qrad also follows the fourth power law, giving Qrad≈
(k/k0)
4 (Fig. 4b). Such a universal scaling law can be understood
by the fact that Qrad is proportional to neff/arad, where arad is the
radiation loss of the cavity mode due to TIR. The radiated power
can be represented as the integral of the k-space distribution of
the cavity mode over the light cone of air in three dimensions, so
that arad is proportional to k
23 (refs 32,33). Because neff is pro-
portional to k, Qrad therefore increases as the fourth power of k
(Supplementary Fig. S13). This unique behaviour of Qrad in the
indefinite cavity is very different from that in conventional dielectric
optical cavities with dimensions on a scale larger than the wave-
length, such as in microspheres and microdisks, where the TIR-
induced Qrad decreases when the cavity becomes smaller due to
the larger surface curvature leading to increased radiation leakage
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Figure 3 | SEM images and measured transmission spectra of indefinite optical cavities with different sizes. a, SEM image (perspective view) of an
indefinite optical cavity array (cavity size, (170,150) nm), with multilayers of 20 nm silver and 30 nm germanium clearly visible. b, SEM images of three
cavities with different dimensions — (135,100) nm, (170,150) nm and (200,200) nm—with two, three and four pairs of silver/germanium multilayers,
respectively. c, FTIR measured transmission spectra through an indefinite optical cavity array with a 5% cavity area filling ratio for cavities of different sizes.
The three panels correspond to cavities located at three different IFCs for (1,1,1) modes with resonant frequencies of 205.5, 191 and 147 THz, respectively.
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(a) (b)
(c) (d)
Figure 2.25: (a) SEM i age of an i definite optical cavity array composed of Ag/Ge
multilayers. (b) Schematic of a broadband absorber based on tapered HMM waveguides.
(c) and (d) show respectively the absorption spectrum of the structure (N=number of
periods) and the distribution of agnetic field at increasing wavelengths (left to right:
λ0=3.5 µm, λ0=4.5 µm, λ0=5.5 µm). (a) reproduced from Ref. [65], (b), (c) and (d) from
Ref. [181].
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scale according to the universal power law Qrad ≈ n4e f f , where ne f f = k/k0 represents
the effective refractive index of the resonator.
Rainbow trapping of electromagnetic fields in tapered HMM waveguides was
discussed in [181, 183]. Broadband light trapping can be realized by slowing down
radiation in stop bands corresponding to different frequency-dependent positions along
the waveguide [184, 185, 186]. In the proposed HMM approach, ML waveguides are
tapered along the direction orthogonal to the layers, allowing normally incident waves
to be directly coupled and stored inside the structures (Fig. 2.25(b)). The absorption
spectrum of a Au/Ge device [181] shows a broadband response in the near-infrared range
(Fig. 2.25(c)), with light of different wavelengths being concentrated in different layers
(Fig. 2.25(d)). The operating range of HMM waveguide absorbers can be extended to mid-
infrared frequencies with a proper material choice. In addition to rainbow trapping, other
light absorption schemes that benefit from the large PDOS of HMMs were investigated
theoretically and experimentally [62, 153, 187, 188].
When two Ag/Ge ML hyperbolic waveguides are separated by a nanoscale air
gap (Fig. 2.26(a)), an excitation beam directed along the slit causes the insurgence
of giant optical forces up to 8 nN µm−1 mW−1 [189]. This phenomenon is induced
by the large effective refractive indices ne f f ,z = kz/k0 inside the two HMMs and their
strong dependence on the slit size. The generated forces tend to attract the two HMM
waveguides, and are transverse to the power flux of the beam. Thanks to the non-resonant
nature of hyperbolic media, the described optical interaction can be triggered by a
broadband excitation.
A dipole placed in a hyperbolic volume experiences a self-induced torque, origi-
nating from spatial anisotropy [190]. Spontaneously emitted photons exert reaction forces
on the dipole that produces them. In an isotropic environment, two photons emitted into
opposite directions generate forces that cancel each other. However, when the dipole
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T ! ð"? # "kÞ sin2!ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"?="k
q
ð"k"?sin2!þ "2?cos2!Þ
: (7)
Equation (7) was used to fit the angular dependence of
the numerical data (Fig. 3). The correspondence between
the numerical points and analytical static fit shows, in
particular, that our procedure of the singularity removal
is the valid numerical approach. Moreover, it may be
analytically shown that substitution of a one-dimensional
charge distribution along the dipole line into Eq. (5) leads
to Eq. (7). On the other hand, Eq. (7) is not applicable for
the hyperbolic anisotropy (e.g., torques will be complex
numbers), highlighting the demand for the developed
above quantum description.
In comparison to the positive anisotropy case, the torque
on the dipole placed in hyperbolic metamaterial ("k ¼ 3,
"? ¼ #1) has a much sharper peak (Fig. 3), originating
from the more pronounced directionality of the dipole
radiation pattern in hyperbolic medium (Fig. 2). The analy-
sis shows that the equilibrium orientation of the dipole will
correspond to the direction along the largest (positive)
component of the dielectric tensor, in contrast to a conven-
tional anisotropy case, and the overall torque is enhanced by
almost 1 order of magnitude compared to the conventional
material with the same absolute ratio of ordinary and
extraordinary permittivities. Thus, this enhancement can
be distinctively attributed to the hyperbolic dispersion of
the metamaterial, and not just to the large ratio of the tensor
components.
One of the significant questions on the way towards
practical observation of the effect is the realization of the
hyperbolic metamaterial. The finite size of the unit cell will
introduce certain limitations on the validity of the consid-
eration of a dipole within the homogenization (effective
medium) model. Qualitatively, the electromagnetic waves
with wave vectors of order of the inverse period of the
structure will be affected by the granularity of the com-
posite. On the other hand, the emitter dimension will define
the range of the radiated wave vectors implying two differ-
ent regimes: extended (bigger than a unit cell) and localized
(smaller than it) emitter.While the ‘‘extended emitter’’ could
be treated within the homogeneous material model, the
‘‘localized’’ one requires extra care. In the latter case, the
fields over the emitter dimensions will be homogeneous, yet
anisotropic. As a result, the angular dependence of the torque
will be similar to those of Eq. (6). For comparison with the
effective medium model, we have studied a layered hyper-
bolicmetamaterial realized as a periodic silica ð22 nmÞ=gold
(5 nm) stack with the effective permittivity tensor compo-
nents "? ¼ #1–0:2i and "k ¼ 2:9 at the 700 nm emission
wavelength, similar to the previously considered homoge-
neous hyperbolic material. Radiation patterns of a dipole
within layered material (Fig. 2) show similar behavior to
the homogeneous case but with a much broadened direction-
ality of emission. This in turn leads to the significant reduc-
tion of the torque (Fig. 3), but the fundamental phenomenon
of the rotation is clearly preserved.
Finally, to represent the concept of the radiation effi-
ciency maximization, corresponding to the minimum
near-field energy at the equilibrium position of the dipole,
we have calculated the orientation-dependent energy flux
through the virtual far-field sphere of 2 "m radius, inclos-
ing the radiation source (Fig. 4). For the elliptic anisotropy,
the energy flux reaches maximum when ! ¼ 0', while the
FIG. 3 (color online). Torque on a 2 nm size dipole situated in
the anisotropic medium as a function of its tilting angle with
respect to the extraordinary axis: (black squares) "? ¼ 2:42,
"k ¼ 3, (blue squares) "? ¼ 1, "k ¼ 3, (red circles) "? ¼ #1,
"k ¼ 3, (green squares) layered metamaterial with effective
parameters "? ¼ #1–0:2i, "k ¼ 2:9, not scaled. Black and
blue lines are the analytical fits, red and green lines are guides
for the eye. The rotation directions are indicated in the insets.
FIG. 4 (color online). Normalized far-field power flow through
the virtual 2 "m radius sphere as the function of the dipole
orientation angle: (blue) elliptic and (red) hyperbolic anisotropy.
The anisotropy parameters are the same as in Fig. 3. Lines are the
splines for numerical data represented by squares and circles.
Inset shows simulation geometry.
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Figure 2.26: (a) Transverse optical force (red arrows) induced on two HMM waveguides
by a driving beam directed along the slit. (b) Torque on a 2 nm size dipole situated
in media with different anisotropy as a function of its tilting angle with respect to the
extraordinary axis: ε⊥ = 2.42, ε‖ = 3 (black squares), ε⊥ = 1, ε‖ = 3 (blue squares),
ε⊥ = −1, ε‖ = 3 (red circles), layered metamaterial with effective parameters ε⊥ =
−1−0.2i, ε‖ = 2.9, not scaled (green squares). Black and blue lines are analytical fits,
red and green lines are guides for the eye. The rotation directions are indicated in the
insets. (a) reproduced from Ref. [189], (b) from Ref. [190].
is placed in an anisotropic medium and its orientation is misaligned with respect to
the principal axis, its radiation pattern becomes asymmetric. As a consequence, a net
restoring torque tends to align the dipole with the medium (Fig. 2.26(b)). The arge
PDOS enhances the emission rate, and therefore strengthens the phenomenon: the torque
experienced by a dipole in a ML HMM is at least an order of magnitude higher than that
in an anisotropic dielectric medium.
The Casimir force in a lattice of metallic nanowires embedded in three dielectric
fluids was studied in [191]. Such effect originates from the quantum zero-point energy,
and plays a significant role in micromechanica systems [192]. The two interf ces at
distance d formed by the fluids induce a restoring Casimir torque on the nanowires if the
latter are misaligned with respect to the equilibrium position (normal to the interfaces);
this interaction scales as 1/d, in contrast with the 1/d3 law predicted for two parallel
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birefringent plates in vacuum [193].
2.4 Current challenges and future directions
2.4.1 Limitations of the effective medium description and quantum
size effect
We have highlighted during our analysis of SE in HMM (Subsection 2.3.2) how,
in addition to absorption, the finite period size, the internal structure of the emitter and the
non-vanishing distance between the source and the HMM remove the PDOS divergence
dictated by the EMT. The deviation from the effective medium description in finite-sized
HMMs can be modeled as a nonlocal effect, so that the permittivity components become
functions not only of the frequency, but also of the wavevector [67, 149]. A comparison
between local (hyperbolic medium with effective parameters) and nonlocal (real layered
structure) dispersion is shown in Figs. 2.27(a)–2.27(c). It was found that in finite-sized
structures two propagating modes can occur simultaneously near the ENZ point [67, 194].
Such coexistence of both forward and backward propagating waves is not predicted
by the EMT, and leads to an anomalous refraction behavior at the air-HMM interface
(Figs. 2.27(d)–2.27(f)).
When approaching the limit of extremely small unit cells (of the order of few
nanometers and less), the effect of electronic confinement in the metal constituents
("quantum size effect") needs to be considered. In a classical picture, where the charge
carriers in metals move independently from each other, the electric displacement field D
is described by means of a local response function,
D(ω,r) = ε(ω,r)ε0E(ω,r), (2.25)
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(a) (b) (c)
(d) (e) (f)
Figure 2.27: Diagrams of beam refraction at the interface between air and a ML HMM
with period D at three different frequencies: (a) D/λ = 0.085, (b) D/λ = 0.094, and
(c) D/λ= 0.106. The wavevectors ki, kr of the incident and refracted waves and the
group velocity vg are plotted by means of the isofrequency contour method. The first
Brillouin zone is rendered. (d-f) Numerical studies of the beam refraction in the three
cases corresponding respectively to figures (a-c). Reproduced from Ref. [67].
where ε(ω,r) is the relative permittivity, ε0 the vacuum permittivity, E the electric field,
ω the angular frequency and r the position. As the metal size is progressively reduced,
such approximation becomes inadequate, and a representation of light-matter interaction
is required that includes the nonlocal response [195, 196, 197, 198]. In this case, the
displacement field is given by
D(ω,r) =
∫
ε(ω,r,r′)ε0E(ω,r′)dr′, (2.26)
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namely it depends on the neighboring E-field distribution rather than only on the local
field. The nonlocal response cannot be neglected when the characteristic dimensions
(such as particle size, nanowire width, or gap size) approach the Coulomb screening
length: at this point the electron-electron interaction needs to be taken into account.
We remark that this kind of nonlocal effect is different from the one discussed
at the beginning of the subsection, which originated from the finite size of HMMs
homogenized with the EMT. Yan et al. showed in [70], by implementing a hydrodynamic
model for the permittivity of metal, that the PDOS of a ML HMM in a quantum nonlocal
framework does not diverge as 1/a3 (a being the ML period). Instead, it reaches the
maximum value (c/vF)3, where c is the speed of light and vF is the Fermi velocity of
the metal. The same model also implies that the hyperbolic shape of the isofrequency
contours is altered even if a λ0. The effects of nonlocal response on a hyperlens were
analyzed in [72]. It was found that the optimal imaging frequency of the hyperlens is
blueshifted with respect to analogous predictions based on the local response theory.
Ehsan et al. considered the propagation of quantum light states in a ML HMM
with gain compensation [73]. They pointed out that the quantum noise or the quadrature
variance of the E-field with a squeezed input state cannot be obtained using the conven-
tional EMT, particularly in loss-compensated HMMs where it predicts vanishing quantum
noise. Loss compensation in HMMs is not accompanied by quantum noise compensation,
and quantum noise in ML HMMs is larger than in effective media. To formulate a
quantum-optical EMT that successfully incorporated quantum noise in loss-compensated
HMMs, Ehsan et al. introduced - besides effective permittivities - a new parameter, the
effective noise distribution Ne f f , that complements the description of photon propagation
in HMMs.
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2.4.2 Conclusions
The field of hyperbolic metamaterials originated from theoretical intuitions that
found in plasmonics the key to be practically realized. A unique feature such as a tunable
and broadband response makes of these media an exceptional tool of nanophotonics, and
can speed up the transition from electronic to optical communications, both on a classical
and on a quantum level.
Despite the increasing amount of theoretical works and proof-of-concept experi-
ments, the leap towards the commercialization of the hyperbolic technology has been
forbidden so far by a number of factors. Absorption losses, inherently connected to the
use of plasmonic metals at optical frequencies, represent a significant problem, that can
be mitigated by working at low filling ratios, implementing gain, or exploring alterna-
tive materials [199]. The PDOS mismatch between hyperbolic and free space makes it
challenging to extract the information and the power carried by high-k states into the far
field. Research in the incoming years should try to relax this bottleneck, by revisiting the
geometry of hyperbolic structures or designing suitable outcoupling mechanisms (such
as 1D or 2D gratings or nanoparticles with various sizes and shapes). A dynamic control
of hyperbolic properties, extremely desirable in view of device production, has been
proposed by means of graphene. Nonetheless, the extremely thin sheets of this material
may be hard to integrate in a multilayer configuration, and graphene-based technology is
currently limited to the THz range. No alternatives capable of operating in the visible
or near-infrared range have emerged. Pushing the unit cells of MLs and NW arrays to
sizes down to a few nanometers represents a further frontier that starts being approached.
From the point of view of fundamental physics, the strong confinement of charge carriers
and the scaling of material periodicity to the atomic level helps develop more accurate
models of the radiation-matter interaction, including quantum effects, and can result in
unprecedented phenomena. However, the experimental verification becomes challenging,
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as it is extremely sensitive to thermal and electrical sources of noise, and requires a clever
setup design. Furthermore, the time-consuming and expensive manufacturing processes,
together with the low degree of tolerance to defects of fabrication, can severely curtail
the integration of quantum HMMs in out-of-lab applications.
In conclusion, hyperbolic media are currently a hot and evolving research topic.
Aspects such as nonlinear and quantum effects still need to find a proper theoretical frame.
The frequency control of thermal properties can lead to extremely efficient photovoltaic
devices, that optimize energy absorption and conversion. As scattering from HMMs
can be strongly suppressed over large and tunable bands of frequency, these media may
play a significant role for stealth technologies. Fluorescent tagging in the proximity of a
hyperbolic environment can make faster and more efficient the detection of biomolecules.
Finally, concepts already proven such as the hyperlens require further extensive studies,
to conclusively assess - and overcome - their practical limitations. On the one side,
given its thickness of hundreds of nm, a hyperlens can be integrated in an extremely
thin smartphone or in a regular microscope, adding to them the capability of resolving
the near field. On the other side, photolithography of nanoscale features by means of a
hyperlens would represent a major breakthrough, as it would increase the density of data
stored in optical devices, and of electrical components patterned on a chip.
In the following chapters, we narrow our focus on SE enhancement via HMMs.
With the ultimate intent to fully integrate plasmonic and hyperbolic media into high-speed
optical transmitters, we propose solutions to increase speed and efficiency of emitter-
HMM systems, and to achieve large modulation bandwidth and effective light extraction
from a blue plasmonic LED, at minimum cost for its proper diode behavior.
Chapter 2, in part, is a reprint of the material as it appears on Progress in Quantum
Electronics 40, 1–40 (2015). L. Ferrari, C. Wu, D. Lepage, X. Zhang and Z. Liu,
60
“Hyperbolic metamaterials and their applications”. The dissertation author is the first
author of this paper.
Chapter 3
Enhancing spontaneous emission inside
HMMs
3.1 Introduction
The enhancement of the recombination rates of point-source emitters represents a
strategic objective for nanoplasmonics, given its high impact not only on light generation
(single photon sources [200], light emitting diodes [134], and optical amplifiers [201]),
but also on a host of other applications ranging from biosensing [202], fluorescence
imaging [139] and DNA targeting [203] to the high speed modulation and detection of
optical signals [136]. As discussed in Subsection 2.3.2, the rate of SE is proportional
to the PDOS, which depends critically on the geometry of the near field. Such rate
in engineered electromagnetic surroundings can greatly exceed that in a homogeneous
dielectric environment, or “free space”, and the ratio of the two constitutes a figure
of merit known as Purcell factor. In contrast to resonant structures like cavities or
single metallic/dielectric interfaces, HMMs exhibit a Purcell factor that is broadband and
tunable in frequency. However, emitters dispersed on top of them experience a sharply
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asymmetrical PDOS, which limits their coupling to the plasmonic modes, and hence the
maximum Purcell factor attainable.
In this chapter we optimize the SE enhancement of a point source by including
it inside a ML silver (Ag) / silicon (Si) HMM (Fig. 3.1(a)). We start in Section 3.2
by addressing the problem of a point dipole, representing the emitter, placed outside
the Ag/Si ML; we calculate the Purcell factor with an analytical model, and use the
latter to validate 3D full-wave simulations of the same configuration, obtaining coherent
results. After fixing the ML filling ratio, in Section 3.3 we study the evolution of the
Purcell factor as the dipole is embedded within the first five Si layers. Once the optimum
configuration is determined, in Section 3.4 two different kinds of 1D grating, triangular
and rectangular, are patterned in the ML (Figs. 3.1(b) and 3.1(c)) to outcouple the
plasmonic SE components into the far field. In Section 3.5 we summarize the work done
and make final remarks.
(a) (b) (c)
Figure 3.1: (a) Uniform Ag/Si ML, (b) triangular and (c) rectangular grating.
3.2 Emitter outside a uniform Si/Ag ML
We begin our analysis by introducing a model, based on the work of Ford and
Weber [144], to compute the SE enhancement of a point source above a uniform (i.e. not
patterned) ML. The Purcell factors F‖ and F⊥ of a dipole oriented respectively parallel (‖,
“p-polarization”) or orthogonal (⊥, “s-polarization”) to the layers and located a distance
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d above the surface are given by:
F‖ = 1−η0
(
1− 3
4
Re
∫ ∞
0
dk‖ D‖(k‖)
)
, (3.1)
F⊥ = 1−η0
(
1− 3
2
Re
∫ ∞
0
dk‖ D⊥(k‖)
)
, (3.2)
where the power density spectra D‖(k‖) and D⊥(k‖) are defined as:
D‖ =
1
kz
k‖√
ε1k0
[
1+ rS e2ikzd +
(
kz√
ε1k0
)2(
1− rP e2ikzd
)]
, (3.3)
D⊥ =
1
kz
(
k‖√
ε1k0
)3(
1+ rP e2ikzd
)
. (3.4)
In the formulae above, η0 denotes the internal quantum efficiency of the dipole in a free
space with real permittivity ε1 (and is assumed to be unity in our calculations), k0 = 2pi/λ0
is the magnitude of the wavevector in vacuum at wavelength λ0, k‖ =
√
k2x + k2y and
kz =
√
ε1k20− k2‖ are the wavevector components along the in-plane and vertical directions
respectively, and rP, rS represent the amplitude reflection coefficients of the ML for a
P- (TM) or S- (TE) polarized plane wave (not to be confused with the dipole polarization),
retrieved with a transfer matrix method (TMM) [204]. Dipoles occurring in nature are
isotropic [24]; therefore a more appropriate Purcell factor Fiso is obtained through an
average over F‖ and F⊥:
Fiso =
1
3
(
F⊥+2F‖
)
, (3.5)
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where the factor 2 accounts for the two equivalent orthogonal in-plane orientations.
We consider a ML composed of 10 Ag/Si periods, each 20 nm thick; the up-
permost Ag layer is capped by a 5 nm Si “matching layer”, and the entire structure is
sandwiched between two semi-infinite glass regions. A dipole with p- or s- polarization is
placed 10 nm above the Si “matching layer”, the purpose of which is to ensure the correct
plasmonic coupling at the first interface (Si-Ag, and not glass-Ag). The permittivity of
glass is taken to be ε1 = 2.25, whereas those of Ag and Si are extracted respectively from
[205] and [206]. Fig. 3.2(a) illustrates the tunability properties of the ML, computed
with Matlab. When the metal filling ratio ρ of a period is decreased from 100%, the
Purcell peak is broadened by the higher number of plasmonic modes made available to
the emitter. Such modes originate from the hybridization of the resonances associated to
individual Ag/Si interfaces, as the latter are brought together in a ML, very much like
the case of electrons or phonons in solids, or dielectric slabs in photonic crystals. In the
power density spectra of Figs. 3.2(b) – 3.2(d) we observe distinctly the transition between
two limit behaviors: a single metallic interface (volume fraction ρ = 1) supports only
one resonance (Fig. 3.2(b)); on the other hand, minimizing the percentage of metal in a
period (Figs. 3.2(c) and 3.2(d)) reduces each Ag layer to a thin film sandwiched between
two thick Si slabs. Accordingly, the modes tend to group and merge into the even and
odd branches manifested by an insulator-metal-insulator (IMI) geometry [5, 207]. We
also notice that, irrespective of the filling ratio, all the modes converge to the single
interface resonance (λ0 = 360 nm for Ag/glass, Fig. 3.2(b), and λ0 = 594 nm for Ag/Si,
Figs. 3.2(c) and 3.2(d)); as a consequence of the mode separation discussed above, the
convergence is faster for large filling ratios, while it happens at higher wavevectors for
the small ones.
In view of the extension of our study to the inside of the ML, we perform 3D full-
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Figure 3.2: (a) Purcell factor FP for an isotropic dipole in glass 10 nm above the Si/Ag
uniform ML. The Ag volume fraction ρ is varied from 1 (in which case the Si capping
layer is excluded) to 0.2, a indicated above each curve. The tunability is finer in the
yellow-green region of the visible range, highlighted by the colored background. (b)
Power density spectrum (logarithmic scale) of an s- dipole for ρ = 1, (c) 0.6 and (d)
0.3. (e) Comparison between the Purcell factors of an s-, p- and isotropic dipole with
ρ= 0.6, obtained with analytical calculations (continuous curves) and FEM simulations
(open circles).
wave FEM simulations on a cluster with the commercial software Comsol Multiphysics.
We reproduce the configuration adopted in the analytical calculations using the same
geometric and material parameters, and evaluate the Purcell factor as:
F‖,⊥ =
P‖,⊥ML
P0
=
P‖,⊥r +P‖,⊥nr
P0
, (3.6)
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where P‖ML (P⊥ML) is the total power emitted by a parallel (orthogonal) electric point
dipole 10 nm above the ML, sum of the power P‖r (P⊥r) radiated into the far field and
the power P‖nr (P⊥nr) dissipated into the structure; P0 is the total power emitted by the
dipole in free space. The isotropic source behavior is again mimicked as in Eq. (3.5).
We choose to focus on the ρ= 0.6 filling ratio, corresponding to 12 nm of Ag and
8 nm of Si, which yields the highest Purcell factor (110-fold enhancement at λ0 = 554
nm) in the visible range. Fig. 3.2(e) shows a good agreement between analytical and
FEM results, so that hereafter we will confidently carry out our investigation by means
of 3D simulations.
3.3 Emitter inside a uniform Si/Ag ML
The transition of the source to the center of the Si layers, as depicted in Fig. 3.3(a),
strengthens and enriches the spectral response of the ML, calculated for a parallel,
orthogonal and isotropic dipole (Figs. 3.3(b) – 3.3(d)). First, the maximum Purcell
factor is enhanced up to 3-fold (at λ0 = 554 nm) with respect to its value outside the
structure, since the emitter now interacts with two high-PDOS regions rather than just one.
Including the source in the middle of the Si films makes the host medium coincide with
the non-metallic constituent of the ML. This eliminates the need for the “matching layer”
discussed in Section 3.2 and promotes a more efficient coupling, as the distance between
the emitter and the first accessible Si/Ag interfaces is reduced. Second, the Purcell factors
related to Position 1 in Figs. 3.3(b) and 3.3(c) do not discriminate the orientation of the
dipole except for a different peak intensity [145], observed in proportion also in the other
positions. The SE enhancement of an internal emitter manifests instead a polarization-
dependent spectral signature, which can be explained with a simple symmetry argument.
When a p-dipole is embedded in the middle of a Si layer, its electric field com-
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Figure 3.3: (a) Positioning of a dipole (indicated by a red dot) outside and inside
selected Si layers (ochre stripes) of the uniform ML. (b) Purcell factor FP of a parallel
or (c) orthogonal dipole for the outer (dashed line) and inner posit ons (solid lines).
The insets show the coupling of the dipole field, directed from the tail to the tip of
the triangles and proportional in magnitude to their size, to the Ag (grey)/Si (yellow)
interfaces. (d) Purcell factor of an isotropic emitter for the positions considered in (b)
and (c).
ponents along the opposing Ag/Si interfaces (green arrows in the inset of Fig. 3.3(b))
possess inversion and mirror-image symmetry; an s-dipole still exhibits the former, but
its mirror image is antisymmetric (inset of Fig. 3.3(c)). Therefore, a parallel polarization
excites the odd modes lying at shorter wavelengths than the Ag/Si resonance, while a
perpendicular polarization activates both the odd and the even ones, the latter resulting
more pronounced. The isotropic response of Fig. 3.3(d) originates from the weighted
overlap of these purely symmetric and hybrid contributions.
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3.4 Emitter inside a 1D-nanopatterned Si/Ag ML
In order to scatter the plasmonic modes into the far field [5], we design a 1D
grating, with either triangular or rectangular profile as sketched in Figs. 3.1(b) and 3.1(c).
We quantify the far field radiative enhancement as:
RE(θ) =
P↑r(θ)
P↑0(θ)
, (3.7)
where P↑r(θ) and P↑0(θ) are the powers emitted by a dipole respectively inside the ML
and in free space into a cone with vertex in the emitter, axis oriented as the positive z
direction and half-angle θ. The presence of the grating breaks the in-plane symmetry
of the uniform ML, so that both the Purcell factor and the radiative enhancement of an
isotropic source are retrieved through an average over the three Cartesian polarizations:
Fiso =
1
3
(Fx+Fy+Fz) , REiso =
1
3
(REx+REy+REz) .
(3.8)
We fix the dipole in Position 2, and set the emitting layer and the outer region material
to polymethyl methacrylate (PMMA). The first replacement introduces an alternative
host to Si that is easier to dope with emitters active at the considered frequencies; the
second makes optically homogeneous all the volume unoccupied by the ML, so that any
changes in the directionality and intensity of radiation with respect to free space can
be attributed exclusively to the outcoupling structures. Accordingly, we add above and
below the emitting region two 5 nm Si “matching layers”, in contact respectively with 1
and 9 periods with ρ= 0.6.
We implement a triangular grating with a pitch of 300 nm, and a rectangular
grating with a pitch of 200 nm and a slit width of 40 nm. After optimizing the compu-
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tational and geometric parameters, the emitting region thickness is set to 20 nm for the
first structure, and to 10 nm for the second. A dipole centered in the emitting layer of an
individual grating period experiences the Purcell factors displayed in Fig. 3.4(a). The
response of the triangular grating with a 20 nm PMMA layer (blue curve) is similar to
that of a uniform ML with an emitting region of identical thickness (red curve), which
demonstrates the weak effect of nanopatterning on the SE enhancement. The radiative
enhancements induced by the gratings (Figs. 3.4(b) and 3.4(c)) are both red-shifted, and
extend over a slightly wider region than the Purcell peak of Fig. 3.4(a); we observe the
highest displacement and spread in the rectangular structure. They also increase as the
collection angle θ is decreased, with a gradient dictated by the grating geometry. The
triangular nanopattern allows a maximum radiative enhancement of about 10 at λ0 = 576
nm and θ = 35◦, while the rectangular one reaches almost a 6-fold enhancement at
λ0 = 582 nm and θ= 35◦.
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Figure 3.4: (a) Isotropic Purcell factor for the triangular grating (blue curve, triangular
markers), the rectangular grating (green curve, square markers) and an unpatterned
structure with an emitting layer of 20 nm (red curve, circular markers). (b) Radiative
enhancement at different angles for an isotropic dipole, provided by the triangular
grating, and (c) by the rectangular grating, sketched in the insets.
3.5 Conclusions
We investigated the SE enhancement of a point source as a function of its position
inside a HMM, consisting of a 10 period Ag/Si ML. We first tuned via filling ratio the
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Purcell factor over the visible spectrum, and explained how plasmonic modes arise from
the hybridization of the individual Ag/Si interfaces. Next, we introduced the emitter in
the inner semiconducting layers, and observed that the Purcell spectral response derives
from the orientation-selective coupling of the dipole with the modes. The isotropic SE
enhancement inside the ML reaches a maximum of almost 300-fold, 3 times larger than
its peak value for an external emitter. Finally, we proposed two 1D gratings to extract into
the far field the plasmonic components of the emission spectrum, obtaining a radiative
enhancement as high as 10-fold.
The present work devised a novel method to enhance the Purcell factor in HMMs,
utilizing a standard grating approach to extract into the far field the plasmonic SE
components. In the following two chapters, our attention shifts from the Purcell factor
to the radiative enhancement, with the goal of introducing new extraction mechanisms
capable of directional control. The grating is replaced with a nanoantenna in Chapter 4,
while a patternless approach is explored in Chapter 5.
Chapter 3, in part, is a reprint of the material as it appears on Optics Express
22, 4301–4306 (2014). L. Ferrari, D. Lu, D. Lepage, Z. Liu, “Enhanced spontaneous
emission inside hyperbolic metamaterials”. The dissertation author is the first author of
this paper.
Chapter 4
Light extraction from HMMs: shape
engineering
4.1 Introduction
In the previous chapter we saw how moving a quantum emitter from the outside to
the inside of a HMM increases the Purcell factor, since a larger PDOS becomes available.
From a technology perspective, a larger Purcell factor corresponds to a larger modulation
bandwidth: therefore, its enhancement is key for the implementation of fast hyperbolic
transmitters into optical communication systems. The practical exploitation of such high-
speed potential, however, faces two major challenges. Firstly, the discontinuous decrease
in PDOS from HMMs to their surrounding environment implies that their interface
with air suffers a remarkable impedance mismatch. As a consequence, large-k waves
remain trapped inside hyperbolic media, unless a suitable mechanism is provided that
mediates the HMM-to-air transition. The traditional solution described in the literature
consists of milling through or depositing on top of the HMM a sub-wavelength grating,
whose periodicity provides the matching k-vector required by momentum conservation
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[18, 19, 154, 208, 209, 210]. Secondly, it is not trivial to shape the emission pattern
of the light outcoupled from HMMs. Directional control of emission is beneficial for
applications such as on-chip photonics, where light must be routed to different in-plane
directions or switched in-plane and out-of-plane with respect to the chip surface, and
fiber-optic communication, where the optical signal must be effectively channeled into
the numerical aperture of a multi-mode or single-mode fiber.
An approach that addresses both challenges consists in replacing a grating with
a nanoantenna, whose SE enhancement properties are well known and utilized in the
world of plasmonics [22, 23, 24]. In contrast to gratings, which exploit periodicity
to extract large-k waves, nanoantennas leverage resonant light-matter coupling. The
strong localization of the electromagnetic field granted by antenna structures boosts their
interaction with quantum emitters, and distributes the outcoupled radiation into defined
emission patterns.
In this chapter we study the properties of a cylindrical hyperbolic nanoantenna,
based on a Ag/Si ML HMM. We first discuss how the Purcell factor and the radiative
enhancement of a dipolar emitter are affected by its coupling with the antenna. By
means of spatial mapping, we determine the dipole positioning that maximizes either
quantity for each Cartesian dipole orientation, and propose a combined figure of merit
to evaluate the antenna performance. We then observe how directional emission from
the antenna can be wavelength-tuned in a limited spectral range and for a determined
dipole orientation. We finally demonstrate a feasible fabrication method for high quality
ML cylindrical nanoantennas, and discuss how these structures can be experimentally
coupled to quantum emitters.
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4.2 Spatial mapping of Purcell factor and radiative en-
hancement
We observed in Chapter 3 how the peak Purcell factor of a dipole 10 nm above a
flat Ag/Si ML could be tuned in wavelength by changing the filling ratio ρ. At ρ= 0.5,
the Purcell factor of a dipole in air reaches its maximum at λ0 = 584 nm. Among all
filling ratios, ρ= 0.5 is the only one at which the Si/Ag ML effective medium retains
a fully hyperbolic character over the entire visible spectrum, without undergoing any
topological transitions [43] to effective elliptic, dielectric or metallic states (Fig. 4.1).
The Purcell factor peak is achieved in the Type I region of the HMM dispersion, slightly
before the transition to Type II at λtrans = 594 nm.
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Figure 4.1: Effective permittivity components of a Si/Ag ML HMM with filling ratio
ρ = 0.5. Across λtrans = 594 nm, the effective medium dispersion turns from Type I
(two-fold hyperboloid) into Type II (one-fold hyperboloid).
We now fix the wavelength to λ0 = 584 nm, and study the spatial distribution of
the Purcell factor and of the radiative enhancement of a cylindrical hyperbolic nanoan-
tenna, made of Si/Ag ML effective medium with filling ratio ρ= 0.5 (Fig. 4.2). By means
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of 3D FEM simulations (Comsol), we compute the Purcell factor for each Cartesian
dipole orientation according to Eq. (3.6). Similarly to Eq. (3.7), we compute the radiative
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Figure 4.2: Spatial mapping at λ0 = 584 nm of the Purcell factor and the radiative
enhancement of the cylindrical hyperbolic nanoantenna. The effective parameters of the
structure correspond to a Ag/Si ML HMM with filling ratio ρ= 0.5. The dipole position
is varied in the xz plane, bisecting the antenna, keeping a distance of 10 nm from the
structure. (a) Purcell factor of an X-, (b) Y- and (c) Z-dipole. (d) Radiative enhancement
of an X-, (e) Y- and (f) Z-dipole. (g) Purcell factor and (h) radiative enhancement of
an isotropic dipole. (i) Total SE enhancement, representing the balanced optimization
of the nanoantenna performance, when Purcell factor and radiative enhancement are
equally weighted.
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enhancement as the ratio between the power emitted by a dipole respectively coupled
to the antenna and in free space into the upper semispace. The isotropic quantities are
retrieved with an average over the three Cartesian dipole orientations. The antenna height
of 200 nm corresponds to the thickness of a Si/Ag ML with 10 periods of 20 nm, like
the one considered in Chapter 3, that can be grown with high quality via sputtering [18].
The diameter of 150 nm generates, at λ0 = 584 nm, a resonant mode (whose profile is
shown in Fig. 4.3) that maximizes radiative outcoupling for dipoles located on top of or
underneath the antenna (Figs. 4.2(d)–(f) and (h)). As opposed to emitter locations along
the lateral walls, this positioning offers a better accessibility in terms of nanofabrication,
as we will discuss in Section 4.4.
We perform a spatial mapping of the dipole-antenna coupling by varying the
dipole position around the antenna in steps of 10 nm, and keeping a fixed dipole-antenna
distance of 10 nm. The Purcell factor is maximized by a dipole orientation along the x
axis (“X-dipole”, Fig. 4.2(a)), while the largest radiative enhancement is achieved by a
Z-dipole (Fig. 4.2(f)). The averaged response of an isotropic dipole (Figs. 4.2(g) and (h))
shows that, both for the Purcell factor and for the radiative enhancement, the maximum
is localized close to the edges, and dipole locations above and below the antenna are
favored over lateral locations. As discussed earlier, the simultaneous evaluation of
Purcell factor and radiative enhancement is mandatory when optimizing a nanostructure
for SE enhancement, because a speed increase alone does not guarantee effective large-k
extraction. However, a point-to-point comparison of their spatial distribution is tedious,
and fails to quickly identify the best dipole locations and global trends. To overcome this
issue, we combine these two related quantities in the “Total SE enhancement” plotted
in Fig. 4.2(i). This figure of merit is obtained for each spatial location by normalizing
the Purcell factor and radiative enhancement values to their respective maxima, and then
adding them up with an arbitrary weight factor, that depends on their significance for
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the target application. If for instance speed plays a major role, the Purcell factor can
be assigned a larger weight, whereas the opposite can be done if intensity is a more
critical requirement. The obtained values are finally mapped to a scale from 0 to 100.
In Fig. 4.2(i) we equally weighted speed and intensity; the spatial map suggests that the
best dipole position is close to the top surface of the nanoantenna, along the lateral wall.
The modal field distribution of the antenna resonance, excited by an X-dipole in such
position, is plotted in Fig. 4.3.
x!
z!
y!
z!
(a) (b)
Figure 4.3: Electric field component Ex at λ0 = 584 nm of an X-dipole (whose position
is indicated by a white square) coupled to the hyperbolic nanoantenna (white bordered
rectangle), (a) in the xz and (b) in the yz plane.
4.3 Directional properties
In addition to enhancing light-matter interaction by strongly localizing the elec-
tromagnetic field, antennas can also tailor the emission pattern, channeling radiation
into preferential directions. With the intent to explore the directional properties of the
hyperbolic nanoantenna, we fix an X-dipole in the position where the total SE enhance-
ment at λ0 is maximum, and we vary its emission wavelength in the 400-700 nm spectral
region. The radiation pattern is in general a complex shape, which does not privilege
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one angle over the others. At λa = 490 nm, however, the antenna produces in the xz
plane a directional pattern pointing toward the lower semispace, about 20◦ off its axis
(Fig. 4.4(a)). If the wavelength is continuously increased, the pattern preserves its uni-
directional character, but rotates clockwise, until at λc = 560 nm it becomes almost
perpendicular to the antenna axis. This angular chromatic dispersion, which distributes
a 70 nm bandwidth over a ∼ 70◦ angular range, is preserved if the effective medium
is replaced with a Ag/Si ML, aside for a slight anticlockwise shift of the angular in-
terval (Fig. 4.4(b)). The origin of such color-switched directionality can be traced to
the hybridization of broadband multipolar electric and magnetic resonances within the
antenna [211]. A design based on a generalized Kerker condition [212] can harness the
rich morphology of the hyperbolic modes [213] and their unique scaling law [182, 65],
yielding directionally controlled hyperbolic nanoantennas with applications not only in
high-speed light emission and detection, but also in wavelength-selective demultiplexing
[211, 214] and higher harmonics generation and manipulation [215, 216].
x!
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(a) (b)
Figure 4.4: (a) Emission pattern (Poynting vector) in the xz plane for an X-dipole
coupled with an antenna of effective medium (red dot and pink rectangle in the inset,
respectively) at the wavelengths λa = 490 nm (blue dash-dotted line), λb = 520 nm
(green solid line) and λc = 560 nm (yellow dotted line). (b) Same patterns as in (a) for
an X-dipole coupled with a ML antenna, consisting of 10 Ag/Si periods of 20 nm with
filling ratio ρ= 0.5. All the curves are normalized to their maxima.
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4.4 Hyperbolic nanoantenna fabrication
As discussed in the previous sections, a cylindrical nanoantenna based on a
ML hyperbolic medium is a powerful tool to manipulate light-matter interaction. Its
fabrication, however, is not straightforward, for two fundamental reasons. First, the
different nature of the two ML components, respectively dielectric/semiconducting and
metallic, requires the development of an etching process that affects both in equal manner,
to ensure a satisfactory wall quality. It is for instance problematic to pattern cylinders
on a ML film with a process based on etching mask definition, via e-beam lithography,
followed by reactive ion etching: for a given etching gas, the metal:dielectric selectivity is
usually different than 1, resulting in dishomogeneous etching of the walls and damage at
the interface of the layers. Alternatively, the ML can be grown inside a mask previously
defined with e-beam lithography [65]: in this case, the antenna quality is limited by
the quality of liftoff. Another inherent fabrication challenge comes from the maximum
number of periods achievable. On the one hand, the more periods a ML features, the
closer it gets to an ideal hyperbolic medium; but the thicker the ML grows, the harder
it is to shape it with aspect ratios larger than 1:1. Cylindrical hyperbolic nanoantenna
designs have been evoked [213, 217], but never demonstrated experimentally. A square
hyperbolic cavity of 20 nm Ag/30 nm Ge was demonstrated in [65], but with only 3
periods and with a taper angle of 25◦.
To fabricate the nanoantenna described in this chapter, we first grow via sputtering
deposition (AJA Orion; Ag rate = 0.76 Å / s at 50 W DC and 2 mTorr, Si rate = 0.16 Å / s
at 100 W RF and 2 mTorr) a 200 nm Ag/Si ML, consisting of 10 periods with filling ratio
ρ= 0.5 and thickness 20 nm, on a Si substrate. We then pattern a cylinder of diameter
150 nm with a two-step focused ion beam process. A fast, rough cut (voltage=30 kV,
current=50 pA) defines a diameter of 500 nm; a slow, fine cut (voltage=30 kV, current=1.5
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pA) delicately thins the diameter to the target value. The use of the rough cut alone
severely damages the ML, by removing some of the topmost periods; the fine cut alone
takes an excessively long time to complete. Fig. 4.5 shows the fabricated nanoantenna.
The inevitable tapering of the structure can be minimized by optimizing the dwell time:
the 10◦ taper of the reported antenna was obtained with a dwell time of 200 µs. Shrinking
the antenna diameter yields an increased taper.
150$nm$
Figure 4.5: SEM image of a HMM cylindrical nanoantenna. The structure consists of
10 periods of 10 nm Ag (bright layers) / 10 nm Si (dark layers) and has a diameter at
the base of 150 nm. The FIB cut etched partly through the Si substrate (dark post below
the antenna), and caused a 10◦ taper of the antenna walls.
The positioning of emitters in the near field of the antenna represents a sig-
nificant nanofabrication challenge. The study of Section 4.2 suggests that, at λ0 =
584 nm, quantum sources on top of the antenna exhibit the largest Purcell factor
and radiative enhancement. To test this prediction, we synthesize trioctylphosphine
(TOP)-capped (CdSe)ZnS core/shell colloidal quantum dots with peak emission λQD =
580 nm. The topmost Si layer of the as-grown Si/Ag ML is functionalized with (3-
mercaptopropyl)trimethoxysilane (MPTMS), to promote QD adhesion. After incubation
for 12 hours in a QD solution, the ML results coated by few (1 to 3) monolayers of
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QDs. Once the emitters are bound to the ML surface, we define the nanoantenna with
the two-step FIB process described above. While a good photoluminescence (PL) signal
is observed from the unpatterned QD-ML system, a PL raster scan in the antenna area
yields no detectable signal. We infer that the FIB cut somehow ablated or damaged the
thin QD layers on the cylinder tip, quenching their emission. Therefore, the proposed
antenna fabrication strategy requires a safer emitter integration. An option consists in
growing the ML on top of a semiconductor quantum well tuned to the desired emission
wavelength. The QW-ML distance can be controlled down to few tens of nm, ensuring
a proper hyperbolic coupling; the FIB cut does not affect the integrity of the emitting
area, protected by the antenna. In addition, in this study we only considered emitter
locations external to the hyperbolic structure. The inclusion within the ML of 1D (QDs,
fluorescent metallic clusters) or 2D (metallic QWs) emitters can preserve their integrity
during the FIB cut.
4.5 Conclusions
In this chapter we explored the use of a cylindrical nanoantenna as a means to
enhance light extraction from hyperbolic media. We first analyzed the spatial distribution
at λ0 = 584 nm of the Purcell factor and the radiative enhancement of a point dipole
coupled to the antenna, represented by a cylinder of effective medium with thickness
200 nm and diameter 150 nm. The effective parameters of the antenna correspond to a
Ag/Si ML with filling ratio ρ= 0.5. By means of a new figure of merit, introduced to
combine the speed and intensity behavior into a single parameter, we determined the best
dipole positioning, and observed that dipole locations above and underneath the antenna
outperform lateral ones. An analysis of the radiation patterns revealed that the emission
of an X-dipole coupled to the antenna can be channeled into a preferential direction in the
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wavelength range 490-560 nm. As the wavelength is continuously increased within such
interval, the angle of maximum emission accordingly increases, covering a corresponding
angular range of ∼ 70◦. We finally fabricated the antenna with a two-step FIB process,
and discussed its effective coupling with different categories of quantum emitters.
Future work will explore the emitter implementations proposed in Section 4.4,
alternative to QDs. Besides, the nanoantenna properties discussed in the present chapter
can only be tuned at the fabrication stage by changing the HMM filling ratio. The
introduction inside a ML of one or more ferromagnetic layers (e.g. of iron oxide) will
enable a dynamic control of the antenna, mediated by magnetoplasmonic interactions
[218], by means of an externally applied magnetic field.
Chapter 4, in part, has been submitted for publication. L. Ferrari, J. S. T. Smalley,
Y. Fainman and Z. Liu, “Hyperbolic metamaterials for dispersion-assisted directional
light emission”. The dissertation author is the first author of this paper.
Chapter 5
Light extraction from HMMs:
dispersion engineering
5.1 Introduction
The SE enhancement provided by HMMs can be fully leveraged in optical
communications only if the large-k waves that prompt it are suitably outcoupled into
the far field. We have seen that this goal can be achieved by means of either a grating
(Chapter 3) or a nanoantenna (Chapter 4). In comparison to the former, the latter
provides directional radiation control in addition to large wavevector extraction. Both
nanostructures however present a critical challenge from a manufacturing standpoint.
Adding a sub-wavelength feature typically means extra time and cost in fabrication:
gratings and nanoantennas are defined via focused ion-beam [18] or electron-beam
lithography [208, 209], which are not economically sustainable for mass production
because of their limited throughput. Furthermore, the optimum nanostructure geometry
determined via analytical or numerical simulations is often hardly achievable in practice
with the above-mentioned techniques. 1D gratings with rectangular cross-section have
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not shown good directional control properties [18]; bullseye gratings extract radiation
into a conical pattern [209], but it is not clearly understood how to control and shape the
emission pattern arbitrarily via design parameters. A common issue to all grating and
nanoantenna types is that the extraction efficiency and the directional control depend on
the relative emitter-grating position: for instance, a quantum light source contained in
a horizontal plane below the grating displays a different behavior whether it is located
adjacent to a crest or to a trough [18]. As a consequence, the outcoupling performance
of the grating and the antenna is not univocally determined, but results from an average
over the spatial distribution of the emitters.
In this chapter we propose a novel paradigm based on dispersion engineering
to outcouple large-k waves from HMMs. With a suitable selection of the HMM filling
ratio, we extract high k-vectors into the far field by compressing their component parallel
or perpendicular to the HMM optical axis, thereby enhancing the overall power routed
along the corresponding Cartesian direction (Fig. 5.1). By lifting the requirement for
a grating, our approach makes the fabrication of fast optical transmitters based on
quantum emitter-HMM coupling more practical and versatile. The extraction mechanism
relies on the bulk properties of the HMM, rather than on spatially varying features
of a superimposed structure: as such, it affects equally all the emitters contained in
the same plane parallel or orthogonal to the optical axis. This enables the effective
channeling of emission from a QW, which for practical purposes can be thought of as a
plane of quantum sources (electron-hole pairs). We first discuss the theory of dispersion-
assisted directional outcoupling in the ideal case of zero optical losses, analyzing the four
HMM configurations that induce this phenomenon. We then assess two metal/dielectric
material systems for ML HMMs in the visible range, and observe how their loss restricts
the practically achievable configurations and the band of outcoupled k-vectors. The
developed model is finally applied to the study of a colloidal QD-HMM system: by
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Figure 5.1: Artistic representation of high-speed optical transmission via unpatterned
HMMs. Light emitted from a multiple quantum well, depicted by 3 green (left) and red
(right) luminescent layers, couples to a ML (left) and a NW (right) HMM block. The
hyperbolic dispersions are designed to extract radiation respectively from the side or
from the top interface.
means of finite element electromagnetic simulations, we determine how the light emitted
from a point dipole (representing the QD) into a block of HMM is outcoupled by the latter
into directional far-field radiation, polarized along the optical axis independently of the
dipole orientation. HMMs capable of extracting large-k waves by impedance-matching
the surrounding dielectric were considered in a recent work by West et al. [219], but
for a very specific material system and with minimal mention of dipole-HMM coupling.
After evaluating the performance of the QD-HMM system, we conclude our study by
suggesting guidelines for its practical implementation and future development.
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5.2 Theory of dispersion-assisted directional outcoupling
from HMMs
In this section we explain how large-k waves can be directionally extracted from
lossless HMMs via a filling ratio optimization procedure. The results presented hold true
for any medium with hyperbolic dispersion regardless of how its effective parameters
are retrieved, and therefore indistinctly apply to ML and to NW configurations. Since
ML HMMs offer a wider constituent materials choice and are more versatile from a
fabrication standpoint, we will focus on this category in the subsequent analysis.
5.2.1 Principle of large-k waves outcoupling via dispersion engineer-
ing
Recalling Subsection 2.2.1, a hyperbolic medium is described by a uniaxial
permittivity tensor of the form:
ε=

ε⊥ 0 0
0 ε⊥ 0
0 0 εzz
 , (5.1)
in a Cartesian frame of reference {xˆ,yˆ,zˆ} where the unit vector zˆ is parallel to the optical
axis. For a periodic ML HMM with layer interfaces orthogonal to zˆ, the effective param-
eters ε⊥ and εzz are obtained through the homogenization formulae (Subsection 2.2.2):
ε⊥(ω,ρ) = ρεm(ω)+(1−ρ)εd(ω), (5.2)
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εzz(ω,ρ) =
(
ρ
εm(ω)
+
1−ρ
εd(ω)
)−1
. (5.3)
εm(ω) and εd(ω) are respectively the permittivities of the metallic and the dielectric
layers, which in the absence of spatial dispersion and optical loss depend solely on the
angular frequency ω and are real quantities, and 0 < ρ< 1 is the volumetric filling ratio
of metal. The dispersion of the effective medium is hyperbolic only at those frequencies
and at those filling ratios at which ε⊥εzz < 0. This requirement classifies the behavior of
HMMs into two distinct types:
Type I. When ε⊥(ω,ρ)> 0 and εzz(ω,ρ)< 0;
Type II. When ε⊥(ω,ρ)< 0 and εzz(ω,ρ)> 0.
Let us consider the interface, contained in the xy plane of the real space, between a
nonmagnetic HMM in the z < 0 region and a lossless isotropic dielectric medium in the
z > 0 region. A plane wave with wavevector kHMM of arbitrary magnitude is subject
inside the hyperbolic medium to the dispersion:
(
kHMM,⊥
k0
)2 1
εzz
+
(
kHMM,z
k0
)2 1
ε⊥
= 1, (5.4)
where, by virtue of the cylindrical symmetry of the permittivity, we introduced the
cylindrical coordinate kHMM,⊥ =
√
k2HMM,x+ k
2
HMM,y, and k0 = ω/c (c = speed of light
in vacuum). In the dielectric medium, dispersion takes instead the form
(
kdiel,⊥
k0
)2
+
(
kdiel,z
k0
)2
= n2, (5.5)
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where kdiel,⊥ =
√
k2diel,x+ k
2
diel,y and n is the refractive index, and the magnitude of the
wavevector kdiel is equal to k0n. Eq. (5.4) and Eq. (5.5) define respectively a hyperboloid
and a sphere in the space of k-vectors at a given frequency ω¯. Their cross-section in
the kxkz plane is represented in Fig. 5.2(a) for the case of a Type II HMM and air. To
simplify the notation and make the discussion clearer, we restrict the following analysis
to the (kx > 0,kz > 0) quadrant; analogous considerations can be extended by symmetry
to the remaining 3 quadrants. We define "large-k waves" those plane waves with k-vector
|kHMM| > |kair|, and "short-k waves" those with k-vector |kHMM| ≤ |kair|. The HMM
supports the propagation of large-k waves of components kHMM,x > k0nair = k0 and
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Figure 5.2: Dispersion of Type II HMM (blue hyperbola) showing large k-vector
outcoupling upwards into air (red circle) via (a) grating and (b) dispersion engineering.
The two configurations are schematically represented above the plots (Λ = grating
pitch). For clarity, only the right branch of the HMM dispersion curve is shown, and
the normalization by k0 is omitted in the vector nomenclature. In (b), the portion of
outcoupled k-vector band falling within the (kx > 0,kz > 0) quadrant is highlighted in
light blue (short-k waves) and pink (large-k waves).
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kHMM,z Q k0. When such waves reach the HMM-air boundary, the conservation of the k-
vector component parallel to the interface mandates that kair,x = kHMM,x. Since kHMM,x >
k0, kair,z =
√
k20− k2HMM,x is a purely imaginary number. This turns a propagating wave
in the HMM into an evanescent wave in air, preventing its successful outcoupling into
the far-field.
Impedance mismatch is traditionally bridged by patterning a grating onto the
HMM (inset of Fig. 5.2(a)). A 1D grating with pitch Λ and periodicity along xˆ provides
an extra k-vector kΛ = kΛxˆ = (2pi/Λ)xˆ [5], outcoupling into air the band of k-vectors
with components kHMM,x > k0 such that kHMM,x = kΛ+ kair,x is verified for some real
kair,x ≤ k0. At that point indeed the plane wave becomes propagating in air, as Eq. (5.5)
forces its component kair,z to be a real quantity ≤ k0.
The same goal can be achieved with the alternative approach schematized in
Fig. 5.2(b). If the filling ratio ρ of the HMM is properly designed, the hyperbolic disper-
sion curve gets "straightened" along the z direction and "squeezed" along the x direction
within the circular dispersion of air. In this case, there exists in the HMM a band of
k-vectors which possess a conserved component kHMM,x ≤ k0, and therefore retain their
propagating nature across the HMM-air boundary. The band is delimited by two extremes
kHMM,1 and kHMM,2, and contains both short- and large-k waves, separated by a vector
kHMM,sep (not drawn in the figure). kHMM,1, kHMM,sep and kHMM,2 are defined as the in-
tersections of the hyperbolic dispersion respectively with the x axis, the circular dispersion
of air and the straight line kx≡ k0. The relative contribution of large-k waves, (kHMM,2 x−
kHMM,sep x)/(kHMM,2 x− kHMM,1 x), increases as the hyperbolic dispersion gets more
squeezed; the z-bandwidth kHMM,2 z− kHMM,sep z and the z-density dkHMM z/dkHMM x of
large-k waves increase as the hyperbolic dispersion gets straighter. Refraction into air
occurs within an angular range θ1 ≤ θ≤ θ2, where θ is the angle between the refracted k-
vector and the optical axis z, θ1 = arctan(kHMM,1 x/
√
k20− k2HMM,1 x) and θ2 = 90◦. The
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limit case of infinite z-bandwidth and refraction normal to the interface (θ1 = θ2 = 0◦) is
reached when the hyperbola branches become straight lines and collapse onto the optical
axis, as mathematically detailed in Appendix A.1. Although such situation appears
ideal for applications, before drawing conclusions we must include energy propagation
in our analysis. We recall that the power flux within a medium is perpendicular to
the isofrequency surfaces (Subsection 2.2.1). When the two branches of the hyperbola
become parallel to the z axis, namely the curvature at vertices becomes minimal, energy
within the HMM flows parallel to the HMM-air interface and never reaches it, making
outcoupling impossible. Therefore a tradeoff is required: the curvature of the hyperbola
at vertices must be small enough to allow a sufficient z-bandwidth, but large enough to
avoid that energy travels too long within the HMM – with the risk of being dissipated by
loss – before touching the boundary with air.
5.2.2 Design guidelines and outcoupling configurations
We now derive comprehensive guidelines to optimize large-k wave extraction
from a Type II HMM into air through a flat interface contained in the xy plane (top
outcoupling). Our considerations are again restricted for simplicity to a cross-section
of the dispersion curves in the (kx > 0,kz > 0) quadrant. As concluded in the previous
section, the target dispersion will be the one that enables infinite bandwidth and normal
emission; once the optimum εzz and ε⊥ are obtained, we will have to arbitrarily (the
tradeoff depends on the application) relax the infinite bandwidth condition to achieve
successful outcoupling.
The target dispersion corresponds to a limit hyperbolic curve with maximal
straightening and maximal squeezing; these simultaneous requests are formalized in
System (A.6) of Appendix A. When optimization is performed at a given emission
frequency ω¯, we have two equations, involving two functions ε⊥(ω¯,ρ) and εzz(ω¯,ρ), and
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only one variable ρ. The resulting overdetermined system admits a solution ρ¯ such that
εzz(ρ)→ 0+ as ρ→ ρ¯, provided that |ε⊥(ρ)| approaches a finite value or approaches 0
less quickly than εzz(ρ) does. Therefore, we optimize dispersion as follows: we choose ρ¯
such that εzz(ρ¯)∼ 0+ (but not exactly εzz(ρ¯) = 0, to avoid the energy propagation issue
discussed above), making sure that the related condition on ε⊥(ρ¯) is verified. Fig. 5.3(c)
shows a dispersion where εzz does not take the limit value 0, but is small enough to
possess a band of outcoupled k-vectors, highlighted in light blue (short-k waves) and
pink (large-k waves).
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Figure 5.3: Cases of dispersion-assisted directional outcoupling from HMMs (blue
hyperbola) into air (red circle). The effective parameters of the hyperbolic dispersions
are: (a) ε⊥= 3, εzz =−0.5; (b) ε⊥= 0.3, εzz =−3; (c) ε⊥=−5, εzz = 0.3; (d) ε⊥=−1,
εzz = 3. The band of outcoupled k-vectors is highlighted in light blue (short-k waves,
only present in (b) and (c)) and in pink (large-k waves).
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Large wavevectors can also be extracted when the HMM-air interface lies in
the yz plane (side outcoupling). In this case, one equation suffices to request both
maximal straightening and maximal squeezing (Appendix A.1). Its solution ρ¯ satisfies
|ε⊥(ρ)| → 0+ as ρ→ ρ¯, provided that εzz(ρ) approaches a finite value or approaches 0
less quickly than |ε⊥(ρ)| does. In analogy to the previous reasoning, we do not select ρ¯
such that |ε⊥(ρ¯)|= 0, but rather |ε⊥(ρ¯)| ∼ 0+; a situation where ε⊥ is small enough to
possess an outcoupled band, but not yet approaching the limit value 0, is represented in
Fig. 5.3(d). While in the case of top extraction the outcoupled band always contains both
short- and large-k waves, in the case of side extraction only the latter are present if the
condition εzz(ρ¯)> 1 is verified (like in Fig. 5.3(d)).
Type I dispersion is mathematically a 90◦ rotation of the Type II one (Ap-
pendix A.1). With arguments and caveats similar to those hitherto discussed, top out-
coupling is achieved at ρ¯ such that |εzz(ρ)| ∼ 0+ (a dispersion with small εzz is shown
in Fig. 5.3(a)), while side outcoupling requires ε⊥(ρ)∼ 0+ (a dispersion with small ε⊥
is shown in Fig. 5.3(b)). Both short- and large-k waves are always present in a side-
outcoupled band, while a top-outcoupled one features exclusively large-k components if
the condition ε⊥(ρ¯)> 1 is verified (Fig. 5.3(a)).
The design guidelines traced in the present subsection are summarized in Table 5.1.
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Table 5.1: Design guidelines for dispersion-assisted outcoupling in HMMs. The
notation f (x) = o(g(x)) as x→ x¯, read “ f is little-o of g as x approaches x¯ ”, means
that limx→x¯ f (x)/g(x) = 0.
HMM Type Outcoupling
Guideline
(pick ρ such that..)
Caveat
(verify that..)
Type I
Top |εzz(ρ)| ∼ 0+ |εzz(ρ)|= o(ε⊥(ρ))
Side ε⊥(ρ)∼ 0+ ε⊥(ρ) = o(|εzz(ρ)|)
Type II
Top εzz(ρ)∼ 0+ εzz(ρ) = o(|ε⊥(ρ)|)
Side |ε⊥(ρ)| ∼ 0+ |ε⊥(ρ)|= o(εzz(ρ))
5.3 Influence of loss on dispersion
Thus far we have assumed that the constituent materials of the ML or the NW
are lossless. This implies that their permittivities εm and εd , and therefore the effective
permittivity components ε⊥, εzz, are real quantities. Loss in actual materials, mathemat-
ically represented by a nonzero imaginary part of permittivity, distorts the dispersion
curve. In Eq. (5.4), the k-vector component conserved at the HMM-dielectric interface is
the independent variable and takes only real values. Since now ε⊥ and εzz are complex
quantities, the k-vector component orthogonal to the interface becomes complex, and it
is its real part that appears in the dispersion curve.
Effective permittivities with a small imaginary part do not alter excessively
dispersion, compared with the lossless case. Our analysis showed that top outcoupling
is achieved for Re{εzz}-near-zero (Re{εzz}∼ 0− for Type I, Re{εzz}∼ 0+ for Type II),
and side outcoupling for Re{ε⊥}-near-zero (Re{ε⊥}∼ 0+ for Type I, Re{ε⊥}∼ 0− for
Type II). We subsequently investigate whether any coupling behavior is associated with a
resonance, and therefore incurs a penalty for large losses (a large imaginary permittivity).
In ML HMMs, Eq. (5.2) prescribes that Re{ε⊥} as a function of ω have a zero
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induced by the zero of Re{εm}; Re{εzz}, according to Eq. (5.3), can have a zero as well,
but also crosses zero in correspondence of a resonant pole [220]. The zero of Re{ε⊥}
and the pole of Re{εzz} can be continuously tuned with ρ: and since Im{ε⊥} may be
low, but Im{εzz} is always large, we conclude that for ML HMMs side outcoupling is
more viable than top outcoupling. The situation is reversed for NW HMMs: in that
geometry, the direction of free electron motion (parallel to the wires) is orthogonal to the
one in MLs (parallel to the layers), so the role of the ε⊥ and εzz components is exchanged.
NW HMMs are therefore a better choice for top outcoupling, and a poor one for side
outcoupling.
We now consider a hyperbolic medium with effective parameters ε⊥, εzz cal-
culated for a ML geometry, and optimize the side extraction of large-k waves at the
wavelengths λ1 = 530 nm and λ2 = 470 nm relevant for optical communication. We
achieve this goal by determining for a selected material system (Ag/Si for λ1, Ag/SiO2
for λ2) the filling ratio that maximizes the bandwidth of outcoupled k-vectors. The SiO2
permittivity is assumed to be 2.25, while the Ag and the Si permittivities are taken respec-
tively from [205] and [206]. At λ1, a Ag/Si effective medium displays a Type I behavior
with Re{ε⊥}∼ 0+ at ρ= 0.58 (the exact Re{ε⊥}→ 0+ condition is achieved at decimal
digits of ρ that are meaningless from a fabrication standpoint)(Figs. A.3(a) and (c) of Ap-
pendix A.3). The material permittivities εAg =−11.66−0.36i and εSi = 17.23−0.44i
result in effective parameters ε⊥ = 0.5− 0.4i and εzz = −39.03− 3.34i. Restricting
our considerations to the (kx > 0,kz > 0) quadrant, we obtain a band including both
short-k (0 < kz/k0 ≤ 0.53, 0 < |Re{kx/k0}| ≤ 0.84) and large-k waves (0.53 < kz/k0 ≤ 1,
0.84 < |Re{kx/k0}| ≤ 4.72). The total outcoupled band, including the remaining 3 quad-
rants, is showed in Fig. 5.4(a). At λ2 instead, a Ag/SiO2 effective medium achieves a
Type II regime with Re{ε⊥}∼ 0− at ρ= 0.22 (Figs. A.3(b) and (d) of Appendix A.3)).
The material permittivities εAg =−8.15−0.28i and εSiO2 = 2.25 generate effective pa-
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Figure 5.4: Dispersion of Type I and Type II effective media (blue curve) for lateral
outcoupling into air (red curve), taking into account the actual loss of the constituent
materials: (a) Ag/Si effective medium at λ1 = 530 nm and filling ratio ρ= 0.58 (Type I),
(b) Ag/SiO2 effective medium at λ2 = 470 nm and filling ratio ρ= 0.22 (Type II). The
band of outcoupled k-vectors is highlighted in light blue (short-k waves, only present in
(a)) and in pink (large-k waves).
rameters ε⊥ =−0.04−0.06i and εzz = 3.13−0.01i. Again restricting our considerations
to the (kx > 0,kz > 0) quadrant, we obtain a band entirely composed of large-k waves
(0 < kz/k0 ≤ 1, 1.77 < |Re{kx/k0}| ≤ 5.98). The total outcoupled band, including the
remaining 3 quadrants, is showed in Fig. 5.4(b). Compared to the ideal behavior of
lossless HMMs for side outcoupling (Figs. 5.3(b) and (d)), the Ag/SiO2 dispersion does
not present major alterations, whereas the Ag/Si dispersion exhibits distortion for values
of Re{kx/k0} close to 0. While Im{ε⊥} and Im{εzz} for the Ag/SiO2 system are low
enough to preserve the hyperbolicity of the dispersion, the correspondent parameters
for the Ag/Si system, respectively one and two orders of magnitude larger, alter the
dispersion by conferring it a hybrid hyperbolic-elliptical character.
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5.4 Influence of finite periodicity on dispersion
Effective medium theory, leading to Eqs. (5.2) and (5.3), assumes that the length
of the ML period is much smaller than the effective wavelength of light within the medium.
As the momentum kx increases, the effective wavelength λe f f = 2pi/kx decreases. The
accuracy of EMT is thus circumscribed to a finite range of supported large-k waves.
Bloch’s theorem [221, 222], unlike EMT, explicitly incorporates the thickness of the ML
components, and lets us estimate the maximum of the large-k range as max [Re{kx/k0} ] =
λ0/(2L). In this formula, λ0/(2L) is the normalized Brillouin zone boundary, L is the
period length and λ0 the vacuum wavelength. If, for instance, a practically achievable
period length L = 20 nm is assumed for both the Ag/Si and the Ag/SiO2 MLs, the
first supports a maximum Re{kx/k0}= 13.25 at the vacuum wavelength λ1, while the
second supports a maximum Re{kx/k0}= 11.75 at the vacuum wavelength λ2. The upper
extremes of the respective outcoupled bands, determined in Section 5.3, fall below these
maxima: therefore, our results based on the effective medium are consistent for real
structures with the above-mentioned period length.
To further assess the accuracy of EMT in a quantitative fashion, we compute by
means of Bloch’s theorem the isofrequency surfaces of the Ag/Si and the Ag/SiO2 sys-
tems. To simplify the notation we restrict our considerations to the kxkz plane. Assuming
a ML of infinite lateral and vertical extent, finite periodicity L, and with layers orthogonal
to the z axis, the dispersion for TM waves is governed by [223]
kB,z = L−1 cos−1
(
A+D
2
)
, (5.6)
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where
A,D = exp(±ikm,zdm)[
cos(kd,zdd)± i12
(
εdkm,z
εmkd,z
+
εmkd,z
εdkm,z
)
sin(kd,zdd)
]
. (5.7)
Eq. (5.6) expresses the effective kz component for the entire ML, kB,z, as a function of the
conserved component kx, treated as an independent variable and implicitly contained in
Eq. (5.7): here, the+ and− signs correspond respectively to A and D, dm (dd) is the thick-
ness of the metallic (dielectric) layers, and km,z =
√
εmk20− k2x
(
kd,z =
√
εdk20− k2x
)
is
the z component of the wavevector in the metallic (dielectric) layers.
Fig. 5.5(a) shows the Bloch dispersion of TM-polarized waves in a periodic Ag/Si
system at λ1, with L= 20 nm and ρ= 0.58 (corresponding to dAg = 11.6 nm and dSi = 8.4
nm), and compares it with the EMT dispersion of Fig. 5.4(a). The maximum outcoupled
component Re{kx/k0}= 2.93 is 38% lower than the corresponding value obtained with
EMT. An analogous comparison is shown in Fig. 5.5(b) for a periodic Ag/SiO2 system
at λ2, with L = 20 nm and ρ = 0.22 (corresponding to dAg = 4.4 nm and dSiO2 = 15.6
nm). The maximum outcoupled component Re{kx/k0}= 4.66 is 22% lower than the
corresponding value obtained with EMT. This analysis shows that, although reduced,
the outcoupled bandwidth remains significant when accounting for finite periodicity.
Therefore, the general method we propose retains its validity beyond EMT.
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Figure 5.5: Influence of finite periodicity on outcoupling. Black curve: Bloch disper-
sion; blue curve: EMT dispersion; red curve: dispersion of air. (a) Ag/Si ML with
period L = 20 nm and filling ratio ρ = 0.58 at λ1 = 530 nm. (b) Ag/SiO2 ML with
period L = 20 nm and filling ratio ρ= 0.22 at λ2 = 470 nm.
5.5 Quantum dot-HMM coupling
We apply the results of Section 5.3 to an elemental light-emitting system, com-
posed of a quantum dot and a block of HMM in air. The system is designed to operate at
λ1 = 530 nm, and to be implemented in a ML geometry: the effective parameters ε⊥, εzz
are thus obtained from a Ag/Si ML HMM with ρ= 0.58, and enable large-k extraction
from the lateral faces of the block. By means of full wave 2D COMSOL simulations, we
study a HMM block infinitely extended along the y direction, and with rectangular cross-
section lxlz. The height lz = 200 nm corresponds to a ML of 10 periods of length L = 20
nm; a well-controlled structure of this kind has been grown via sputtering by our group in
the past [18]. The width lx = 3 µm is easily achievable with standard photolithographic
techniques. We model the QD with a point dipole emitting at λ1, located 5 nm below
the bottom surface and 150 nm left of the right face of the HMM block (Fig. 5.6). Such
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asymmetric positioning allows a simultaneous evaluation of the extraction efficiency
from the HMM lateral faces when the emitter-face distance is either within (150 nm) or
outside of (2850 nm) the near-field.
The large-k waves contained in the spectrum of the dipole are coupled into
the HMM block, through which they travel until they reach the lateral boundary with
air. To quantify how dispersion inhibits or favors their extraction into the far-field, we
compare the performance of an unoptimized filling ratio, ρA = 0.54, with that of the
optimized one, ρB = 0.58. The respective isofrequency contours in the kxkz plane are
X-dipole, fr = 54%, loss =100%!
X-dipole, fr = 58%, loss =100%!
1 μm!
Z-dipole, fr = 54%, loss =100%!
HMM!
AIR!
Z-dipole, fr = 58%, loss =100%!
x!
z!(a)
(b)
(c)
(d)
Figure 5.6: Spatial power distribution (magnitude of the Poynting vector) at λ1 = 530
nm of a dipole 5 nm below a block of Ag/Si effective medium in air. The dipole location
and orientation are respectively indicated by a pink-bordered white dot and a pink arrow
below it. The material loss of the HMM corresponds to 100% of its original value.
(a) X-dipole, filling ratio ρA = 0.54; (b) X-dipole, filling ratio ρB = 0.58; (c) Z-dipole,
filling ratio ρA = 0.54; (d) Z-dipole, filling ratio ρB = 0.58.
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shown in Fig. A.4 of Appendix A.3 At ρA, the HMM exhibits Type I behavior, and only
an extremely narrow band of dispersion-outcoupled large-k waves is supported; as ρ is
increased, the HMM still retains Type I nature, but the bandwidth of the extracted large-k
waves grows, assuming its largest value at ρB (cfr. Section 5.3). The effectiveness of
outcoupling through the lateral faces is determined by the amount of power emitted into
a circular arc coaxial with xˆ, with vertex in the center of the face and aperture θ= 30◦.
Fig. 5.6 illustrates the different response of the two filling ratios to a dipole oriented
along xˆ ("X-dipole") and to one oriented along zˆ ("Z-dipole"). For an X-dipole, the
power outcoupled through the right face of the HMM block at ρB results in 7 times larger
than that outcoupled at ρA, while for a dipole oriented along zˆ ("Z-dipole"), the power
extracted at ρB exceeds by 39 times that extracted at ρA. The dipole-HMM interaction
is stronger for a Z-dipole, which outcouples at ρB almost twice as much power as an
X-dipole. Due to the material loss of the hyperbolic medium, large-k extraction efficiency
decreases as the emitter-face distance is increased: the power outcoupled at ρB through
the left face is 3 orders of magnitude lower than that outcoupled through the right one,
both for an X- and for a Z-dipole. We notice that at ρA some radiation, guided by the
HMM-air interface, reaches the left side of the HMM and gets scattered by the edges;
but power propagation through the bulk of the HMM, which is what our outcoupling
mechanism leverages, is again prevented by loss.
The radiation extracted into the far-field through the right face is polarized parallel
to the optical axis zˆ, regardless of the dipole orientation (Fig. 5.7). Such behavior has
been experimentally observed in a luminescent hyperbolic metasurface, composed of
alternating Ag layers and InGaAsP multiple QWs (MQWs), where both parallel- and
perpendicular-polarized pumping of the MQWs with respect to the optical axis result
in parallel-polarized emission [224]. It is attributed to the fact that only modes with
an electric field component parallel to the optical axis are allowed to propagate in a
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500 nm!x!
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(a) (b)
Figure 5.7: Electric field polarization of the dipole radiation outcoupled through the
right face of the HMM block (whose rightmost portion is shown in grey on the left of
the image) at the optimized filling ratio ρB = 0.58. The dipole location and orientation
are respectively indicated by a white dot and a blue arrow below it. Whether the
dipole is polarized along xˆ (a) or along zˆ (b), the radiation leaving the HMM face is
predominantly polarized along zˆ.
hyperbolic medium [225].
The potential of dispersion-assisted outcoupling becomes apparent if we arti-
ficially reduce the imaginary parts Im{ε⊥} and Im{εzz}, representing loss, to 1% of
their original value (Fig. 5.8). In this ideal case, power propagates inside the hyperbolic
medium along the characteristic resonance cones, reflected off the top and bottom sur-
faces of the HMM, until it reaches the left and right boundaries with air. Here, large-k
waves are efficiently extracted only when the filling ratio is optimized: the power outcou-
pled through the right face at ρB is 3 orders of magnitude larger than the one outcoupled
at ρA, both for an X- and for a Z-dipole. The strong imbalance between the left and the
right face is also removed, as for an X-dipole the power outcoupled at ρB through either
boundary is almost the same, while for a Z-dipole the left face outcouples at ρB 1.7 times
as much power as the right one. Which face outcouples the largest power depends on
its distance from the dipole. The radiation reaching one face is the superposition of the
waves directly traveling to said face and those reflected off the other, whose propagation
is not any longer suppressed by loss. For certain dipole locations, the contribution of
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X-dipole, fr = 54%, loss =1%!
X-dipole, fr = 58%, loss =1%!
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Figure 5.8: Spatial power distibution (magnitude of the Poynting vector) at λ1 = 530
nm of a dipole 5 nm below a block of Ag/Si effective medium in air. The dipole location
and orientation are respectively indicated by a pink-bordered white dot and a pink arrow
below it. The material loss of the HMM has been reduced to 1% of its original value.
(a) X-dipole, filling ratio ρA = 0.54; (b) X-dipole, filling ratio ρB = 0.58; (c) Z-dipole,
filling ratio ρA = 0.54; (d) Z-dipole, filling ratio ρB = 0.58.
interference selects the face farther from the dipole as the main outcoupling gateway.
Radiation polarized along the optical axis zˆ irrespective of the dipole orientation is
emitted into the far-field through both of the lateral faces.
The simultaneous approximation of a ML HMM with an effective medium
description and of the 3D space with a 2D environment enables the study of extended
structures (size ≥ few µm) with an accurate mesh (mesh element size of the order of
1 nm) and in a reasonable computational time (not exceeding few hours). To test the
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predictions of our outcoupling method in the absence of approximations, in Appendix A.2
we perform a 3D analysis of the coupling between a quantum dot (point dipole) and a
block of HMM of reduced size (base 300 nm x 300 nm, height 200 nm). The Si/Ag
ML HMM is first modeled as an effective medium, and then as a periodically layered
structure. The results obtained are consistent with the general findings described here.
5.6 Discussion
With the due distinctions in terms of light coherence, a system formed by a
suitably designed HMM block coupled to solid-state quantum emitters (QWs, QDs) can
become the equivalent of an edge-emitting laser or a vertical-cavity surface-emitting
laser (VCSEL), based on spontaneous rather than stimulated emission. "Hyperbolically-
enhanced" LEDs with a modulation speed comparable to that of lasers could replace the
latter in very-short-haul optical interconnects (on-chip or chip-to-chip communications),
where their limitations related to pulse broadening and dispersion do not outweigh their
advantages in energy budget, thermal management, reliability and manufacturing cost
[20].
Our analysis showed that ML HMMs naturally support side emission, but are not
suited for top emission. In addition, as observed in the previous section, the intrinsic loss
of constituent materials restricts efficient outcoupling to those emitters in the near field
of the side interface. These two constraints can be relaxed simultaneously by fabricating
the ML into vertical lamellae, where the non-metallic constituent is a gain medium such
as a semiconductor MQW. A configuration of this kind was recently demonstrated with
a Ag/InGaAsP system [226, 227, 228, 229, 224]. Operating in the 1200 nm – 1600 nm
spectral range, the structure exhibits narrow bands of large-k waves that outcouple to
air without the need for a grating, for the reasons theoretically explained in the present
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work. Another design that meets the top emission and efficient outcoupling requirements
exploits a hyperlens-like geometry: the layers here are arranged in a concentric semi-
spherical or semi-cylindrical stack, contained in the z < 0 region and comprised between
the external and internal radii rext and rint , and the surface of the innermost layer is
coated with QDs. Provided that rext is within the near field of the emitters, radiation
from the QDs couples to the HMM, shortly travels along the direction tangential to
the layers without experiencing excessive attenuation and gets extracted along the z
axis. An alternative approach to achieve top emission consists in growing the ML on
the side walls of a vertical nanowire light-emitting structure that incorporates one or
more MQWs; the geometry of the nanowires and of the MQWs can be adjusted, as
shown in [230] for blue/green-emitting III-nitride semiconductor nanowires, to boost
the emitter-ML interaction and optimize the outcoupling efficiency. Top emission is
convenient from a manufacturing standpoint: while edge-emitting devices grown on
a wafer must be first diced in sub-units and then tested individually, surface-emitting
ones can be tested all at once on the wafer where they are fabricated. Side emission
however is desirable for on-chip or chip-to-chip communication, and enables direct light
coupling into waveguide-like planar devices. In order to maintain a HMM feature size
compatible with photolithography, without limiting efficient outcoupling to the emitters
closer to the side faces, the imaginary component of the constituent permittivities can
be minimized with low-loss materials [231, 232] or compensated for with gain. Van der
Waals heterostructures, built with single-atomic layer materials ("2D crystals") including
graphene, hexagonal boron nitride (hBN) and 2D oxides [233], can incorporate atomic
monolayers of transition metal dichalcogenides such as tungsten diselenide (WSe2) and
tungsten disulfide (WS2) as active media [234, 235]. Heterostructures based on hBN, a
natural HMM [236], or on ultra-thin MLs with 2D active layers, can greatly reduce loss
and fully leverage our light extraction method, since their size forbids grating inscription
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as a practical option. Finally, hybrid ML-NW geometries, or MLs with atomically thin
metallic films subject to quantum confinement, might elude with their dispersion the
guidelines traced in Subsection 5.2.2.
The feasibility of our approach relies on the exact control of the filling ratio. In
the visible range, the ML period must not exceed few tens of nanometers in order to be
sub-wavelength (and therefore justify the effective medium approximation). Metallic
films for operations at visible wavelengths are typically grown by DC sputtering or e-
beam evaporation. In either case, at thicknesses of 10 nm or less, the metal forms islands,
rather than a uniform layer. While the size and shape of the grains can be controlled to
some extent by tuning the deposition parameters, the resulting morphology intrinsically
yields a space-dependent filling ratio. Therefore, the effective HMM parameters need
to have a good tolerance with ρ variations, to preserve the applicability of our model.
This represents less of a concern for HMMs in the infrared (IR) range: NW and ML
systems can be grown with sub-nanometer accuracy via atomic layer deposition (ALD)
and chemical vapor deposition (CVD) [232, 237], and periods of several tens of nm are
already well sub-wavelength. IR HMMs hence constitute a promising candidate for early
experimental testing. A dynamic fine-tuning of the filling ratio from non-outcoupling
to outcoupling, detectable as an enhanced directionality of the emission pattern, can be
performed in voltage-controlled HMMs [236, 238, 239].
An emitter-HMM system suitable for optical communication should simultane-
ously maximize, at a given wavelength, the far-field power extracted into a preferential
direction and the Purcell factor, which determines the modulation bandwidth enhance-
ment. However, the filling ratios that optimize both quantities in general do not coincide.
A recent work suggests tapering a hyperbolic ML block to adiabatically outcouple large-k
waves from its side [219]. According to that approach, we could design a HMM with
filling ratio varying from ρ1 (in the proximity of the emitter) to ρ2 (away from the
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emitter), to first maximize the Purcell factor and then the outcoupling. Such transition
however must happen over a space scale of few microns, which imposes a constraint on
the device size. In addition, power extraction is limited to the tapering direction, making
the mechanism inefficient. Finally, the shadowed deposition technique utilized seems
impractical in an industrial context. We propose instead to keep a single-ρ design, that
achieves a balanced performance between outcoupling and Purcell factor. Optimization
methods can be developed to tune this trade-off, which we believe is the most viable
solution in a mass production perspective.
5.7 Conclusions
The present chapter introduced a systematic approach to extract large-k waves
from HMMs without the use of a grating. This novel method relies on dispersion engi-
neering, and is applicable to any medium, natural or artificial, described by a hyperbolic
permittivity tensor. Extraction of a large-k wave band from the top or from the side
faces of the HMM is achieved in the epsilon-near-zero regime of either permittivity
component. Loss in the effective medium, dictated both by the loss and the ML or NW
arrangement of its constituent materials, selects the preferential outcoupling configura-
tion: side outcoupling for ML HMMs, top outcoupling for NW HMMs. We provided
guidelines to maximize the extent of the large-k wave band extracted through the top
or side faces, and we applied them to the optimization of a Ag/Si and a Ag/SiO2 ML
HMM, respectively at λ1 = 530 nm and λ2 = 470 nm. We further discussed how the
effective medium description moderately overestimates the outcoupled bandwidth, when
the finite periodicity of practical HMM realizations is taken into account. We finally
studied a QD-Ag/Si ML HMM system at λ1, observing an almost 40-fold increase in
lateral power extraction at an optimized filling ratio compared to an unoptimized one.
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When the HMM losses are artificially decreased to 1% of their original value, not only
the optimized filling ratio outperforms the unoptimized one by 3 orders of magnitude,
but power effectively outcouples also through the lateral face farther from its location.
To exemplify the application of our paradigm, we considered the particular
case of ML HMMs operating at visible wavelengths. Future research will explore IR
material combinations, with the goal of optimizing lateral extraction in MLs for fiber-
optic communication. In parallel, NW HMMs will be studied in view of designing an
emitter-HMM system for top outcoupling.
Chapter 5, in part, has been submitted for publication. L. Ferrari, J. S. T. Smalley,
Y. Fainman and Z. Liu, “Hyperbolic metamaterials for dispersion-assisted directional
light emission”. The dissertation author is the first author of this paper.
Chapter 6
Design of blue InGaN/GaN high-speed
plasmonic LED
6.1 Introduction
The widespread adoption of visible light communication (VLC) systems based
on LED transmitters requires the simultaneous increase in efficiency and speed of the
optical source [240, 241]. Efficiency is measured by the external quantum efficiency
(EQE) ηEQE [242], while speed is quantified by the 3dB modulation bandwidth f3dB
[243]. Most research on the indium gallium nitride (InGaN) system, suited for blue and
green emission, has focused on improving EQE because this metric, and its dependence
on the injection current density Jin j, is one of the most important factors for the growth
of LEDs as an illumination source for general lighting purposes [242]. While the market
for lighting exceeds many billions of dollars and general illumination accounts for 20%
of U.S. electrical energy consumption [242], the modulation rate of LEDs is poised to
grow in importance due to the need to couple information processing with illumination
[240, 241]. Therefore, strategies that advance efficiency and speed simultaneously are
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much sought after.
Plasmonic and hyperbolic metamaterials (MMs) have gained much attention over
the past decade because of their ability to dramatically enhance light-matter interaction
[26]. The increased photonic density of states provided by metals, which can be further
enhanced and wavelength-tuned with hyperbolic media [43], enables the controlled
reduction of the spontaneous emission lifetime τsp of a quantum light source (fluorescent
molecule, quantum dot, quantum well, nitrogen-vacancy center in nanodiamonds [57]),
essential for high-speed devices. Lifetime reductions of 10 to 100 times relative to the
vacuum have been reported using various realizations of plasmonic and hyperbolic MMs
[18, 208, 209, 244]. In most cases, however, unpatterned structures demonstrated to
increase the emission speed suffer from low radiative efficiency, and the mechanisms
leveraged to overcome such limitations, including surface texturing [224] or the use of
nanoparticles in lieu of patterned films [22], hinder their integrability with electronics.
Therefore, in order to yield feasible electrically-driven light sources for fast optical
transmitters, a design which enhances modulation speed while preserving a good radiative
efficiency must carefully optimize the integration between the light source and the
plasmonic/hyperbolic nanostructured medium.
The recent demonstration of a light-emitting hyperbolic metasurface, based on
nanostructured silver (Ag) and indium gallium arsenide phosphide (InGaAsP) QWs [224],
shows that III-V compound semiconductors are a promising candidate for simultaneously
efficient and fast LEDs. Moreover, the anisotropic polarization response observed in the
metasurface can boost the transmission rate of LEDs used in VLC by introducing an
additional channel (light polarization) for information encoding. However, VLC requires
translation of this technology to visible frequencies. Designs that simultaneously yield
improved speed and light output at blue wavelengths have been evoked, but they remain
the subject of theoretical studies [245].
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In this chapter we experimentally demonstrate a novel plasmonic LED (PLED)
configuration, incorporating a Ag nanohole grating within an InGaN/GaN LED. The
PLED exhibits a simultaneous increase in efficiency and speed, compared to conventional
LEDs with and without unpatterned plasmonic inclusions, respectively. Through spatio-
temporally resolved photoluminescence measurements, we determine a 40-fold decrease
in spontaneous emission lifetime, which sets an upper bound to the modulation bandwidth
in the GHz regime. Additionally, through careful optimization of the plasmonic nanohole
grating, we demonstrate a 10-fold increase in outcoupling efficiency relative to a flat
plasmonic film. Our work bridges the plasmonic metamaterial and III-nitride semicon-
ductor communities, laying the groundwork for high-speed, high-efficiency blue LEDs
for VLC applications. The chapter is organized as follows. In Section 6.2 we present
the theoretical background for understanding the fundamental tradeoff between high
efficiency and high speed LEDs. Next, in Section 6.3, we provide the design of the PLED
structure. In Section 6.4 we present our results of static and spatio-temporally resolved
photoluminescence (PL) measurements. A detailed analysis of these results follows in
Section 6.5. The discussion of our findings is presented in Section 6.6, followed by our
conclusions in Section 6.7.
6.2 Theoretical background
The EQE of an LED is conveniently understood as a product of the injection,
internal, and collection efficiencies, ηIn j, ηIQE and ηCol , respectively [246]:
ηEQE = ηIn jηIQEηCol. (6.1)
The injection efficiency may be defined as
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ηIn j =
Γact
Γact +Γn−act
, (6.2)
where Γact and Γn−act are the rates at which electron-hole pairs are injected into the
active and non-active regions, respectively. The active region is the quantum well volume,
while the non-active region comprises the quantum barriers and the cladding regions (p-
and n-doped), containing defect or trap states.
The internal quantum efficiency may be defined as
ηIQE =
Γrad
Γrad +Γn−rad
, (6.3)
where Γrad and Γn−rad are the rates at which electron-hole pairs that do enter the active re-
gion recombine radiatively and non-radiatively, respectively. The radiative recombination
rate may be increased by emission into surface plasmons, which are large-wavevector
surface waves at the interface between a metal and a dielectric (here the semiconductor
heterostructure) [247]. Non-radiative recombination occurs due to defect and surface
states, and to Auger recombination [246].
The collection efficiency may be defined as
ηCol =
Γdet
Γdet +Γn−det
, (6.4)
where Γdet and Γn−det are the rates at which the generated photons are detected and
not detected, respectively. The detected photon rate can be increased if the radiative
recombination rate is increased through plasmonic coupling, and the plasmon is later
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scattered into the far-field [247]. In the absence of an outscattering mechanism, the
plasmon remains bound to the near-field of the metal-dielectric interface, eventually
dying off due to material loss. Therefore, in order for collection efficiency to benefit from
plasmon generation, an extraction mechanism such as a grating or a nanostructure needs
to be incorporated [18, 19].
The 3dB direct modulation bandwidth of the LED is defined as the frequency
of direct modulation at which the output power drops to one half its peak value. In the
limit discussed in Appendix B, the maximum 3dB bandwidth f ′3dB is determined by the
effective carrier lifetime τe f f :
f ′3dB =
1
2piτe f f
= Γe f f = Γrad +Γn−rad. (6.5)
Hence, increasing Γrad increases both ηIQE and f ′3dB. On the other hand, an increase in
Γn−rad increases f ′3dB at the expense of ηIQE .
6.3 Plasmonic LED design
We consider a PLED system formed by an InGaN/GaN LED and a nanostructured
Ag plasmonic film. The LED consists of an nGaN layer grown on a sapphire substrate,
followed by an InGaN/undoped GaN multiple quantum well heterostructure and a pGaN
layer (see Subsection 6.8.1). A PLED design simultaneously capable of high-speed
and efficient operation must synthesize a fundamental dichotomy between plasmonic
and electronic requirements. On the one hand, the near-field coupling between the
MQW emitting region and the pGaN/Ag interface, resulting in the generation of SPs,
is maximized as their distance is minimized. Such distance, coinciding with the pGaN
layer thickness tpGaN , must be shorter than the SP penetration depth in GaN, given
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by Z = λ/2pi[(ε′GaN − ε′Ag)/ε′2GaN ]1/2 ≈ 37 nm [134], where ε′GaN and ε′Ag are the real
parts of the permittivity in the pGaN and Ag layers, respectively [248, 205]. On the
other hand, to maintain proper electronic transport, the pGaN layer must be thicker
than the p-side depletion width of the diode, given by xp0 = {(2ε′GaNVbin)/[qp(n+
p)]}1/2 ≈ 44 nm [249], where Vbi is the built-in voltage, n ≈ 6×1018 cm−3 and p ≈
5×1017 cm−3 are the carrier concentrations in the nGaN and the pGaN, respectively (see
Subsection 6.8.1), and q = 1.6×10−19 C is the fundamental charge. The built-in voltage
is given by Vbi = (kBT/q) ln[(np)/n2i ], where kBT = 0.026 eV at room-temperature and
ni ≈ 1×1010 cm−3 is the intrinsic carrier concentration [250].
To circumvent this inherent conflict, past authors have experimentally explored
a design with Ag nanoparticles embedded in undoped GaN [249], or theoretically envi-
sioned a device based on side-emitting microtubules [245]. We instead propose to pattern
a grating of nanoholes through the pGaN layer, down to the MQW, and then coat it with
a plasmonic Ag film (Fig. 6.1(a)). Our solution leverages the nanostructured nature of
the Ag film, necessary to outcouple SPs into the far field, to divide the PLED in two
vertical volumes: a “plasmonic” one, occupied by the nanoholes, where the MQW-Ag
film distance can be arbitrarily controlled, and an “electronic” one, free from nanoholes,
where the diode behavior is preserved. While such general approach conveniently en-
ables a plasmonic-electronic tradeoff, a geometric optimization of the nanoholes is still
required, to find the MQW-nanopatterned Ag film relative positioning which maximizes
SP generation and outcoupling. To this end, we fabricate on an InGaN/GaN LED chip
with pGaN thickness tpGaN = 130−140 nm (Fig. 6.1(b)) six 6 µm x 6 µm gratings (la-
beled “II” to “VII”, since a preliminarily patterned “grating I” was utilized for etching
depth calibration), all with identical hole diameter dh = 120 nm and pitch ph = 300
nm. The hole depth detch of the gratings is increased by a constant step from a value
smaller (grating II) to a value larger (grating VII) than tpGaN , in the approximate range
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(a) (b)
Figure 6.1: (a) Schematic of the LED + nanopatterned plasmonic film. Bottom to top:
nGaN layer (grey), three InGaN QW (blue) - InGaN QB (dark grey) pairs, pGaN (violet).
The thin bilayer deposited above the pGaN surface and inside the holes is made of Ni
(ochre) and Ag (silver gray). (b) Ultra-high resolution scanning electron microscope
(UHR SEM) cross section of the cleaved sample, in a region without gratings. The
different components of the structure are highlighted in false color on the left.
100-200 nm. After nanohole milling, accomplished via focused ion beam, a 2 nm Ni
adhesion layer followed by a 20 nm Ag layer is deposited everywhere on the sample
(Subsection 6.8.2). In the next sections we show through experimental characterization
and numerical verification that a non-obvious hole depth exists, which allows efficient
generation and far-field scattering of SPs. This feature, in addition to the high-speed
capability and sufficient pGaN thickness for diode behavior, makes our PLED design a
viable one for practical VLC applications.
6.4 Static and spatio-temporally resolved photolumines-
cence
The static PL spectrum of the PLED is collected with the standard micro-PL setup
detailed in Subsection 6.8.3. Compared to a control LED, with identical semiconductor
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heterostructure but without flat nor nanostructured metal, the PLED emission from an
area where only a flat Ag film is present exhibits a slight red-shift and a decrease in
intensity (Fig. 6.2(a)). The first may be attributed to local heating, while the second can
be traced to quenching effects. Since the PL peak of the PLED occurs at λ0 = 450 nm,
this is the chosen detection wavelength for the following spatio-temporally resolved PL
characterization. By means of the setup described in Subsection 6.8.4, we perform a
sub-micrometric raster scan of the PLED area occupied by the gratings, detecting at each
step the PL lifetime and intensity. The lifetime values measured in the grating regions are
comparable for all gratings, regardless of their hole depth. The hole pitch, identical for
all gratings, plays indeed a dominant role in controlling the lifetime reduction [18], while
the depth mainly impacts the efficient outcoupling of SPs into the far field, as we show
later in this section. A representative decay curve of the PLED, measured on grating II,
is compared in Fig. 6.2(b) with the one of the control LED: the respective lifetimes are
τPLED = 0.08 ns and τcont = 3 ns, corresponding to an almost 40-fold shortening. By
means of Eq. (6.5), we predict for the PLED an upper modulation bandwidth of about
2 GHz. The calculated frequency responses of the control LED and of the PLED are
(a) (b)
Figure 6.2: Comparison between control LED and PLED. (a) Photoluminescence
intensity spectra and (b) time resolved photoluminescence at the vacuum wavelength
λ0 = 450 nm. In (b), the circles and squares represent experimental data points, while
the solid curves are mono-exponential fits to the data.
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shown in Fig. B.1 of Appendix B.
The impact of the hole depth on PL intensity is shown in Fig. 6.3, which presents
the spatial mapping of PL across the six nanohole gratings. As can be inferred from the
color contrast, all the nanostructures provide an enhanced outcoupling compared with
the neighboring unpatterned areas. However, the monotonic increase in detch from the
first (grating II) to the last (grating VII) grating results in a non-monotonic PL trend.
The intensity is comparable for gratings II, III, and IV, reaches a maximum at grating
V, then becomes smaller for gratings VI and VII. The maximum signal detected at
5 µm 
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Figure 6.3: PL intensity mapping at λ0 = 450 nm of different PLED geometries. (a)
SEM image of the six nanohole gratings, milled with increasing hole depth from left to
right. (b) Spatially resolved PL intensity of gratings II through IV, and (c) of gratings
V through VII. PL intensity is plotted on a logarithmic scale and is normalized to the
minimum, which occurs between gratings II and III.
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grating V is about 10 times the signal detected away from the gratings on the flat Ag
film. To understand the origin of this behavior, and explain how the MQW-nanostructure
interaction is controlled by the hole depth, we perform in the next section a structural
analysis of the PLED.
6.5 Structural analysis of the plasmonic LED
In order to investigate the correlation between PL intensity and hole depth, we
conduct a cross-sectional analysis of the best performing grating (grating V), and of the
two gratings with depths immediately smaller and larger (grating IV and VI, respectively).
After completing the PL characterization, and repeating it to confirm its result, we deposit
a thick (several hundreds of nm) Pt layer on a portion of the grating via the electron-
assisted chemical vapor deposition capability of our FIB tool. The function of this
coating is twofold: to protect the grating surface during the cut, and to ensure optical
contrast with the InGaN/GaN heterostructure by filling the nanoholes. We then define
by means of FIB a vertical cross section along the hole diameter. Fig. 6.4(a) shows a
back-scattered electrons (BSE) SEM image of the cut portion of grating V, including
its surroundings. We observe that, despite a preliminary optimization of the electron
deposition current, the larger than 1:1 aspect ratio of the nanoholes forbids Pt from filling
them completely. This however does not prevent the identification of their bottom with
sufficient accuracy for depth measuring purposes. We also notice that the repeated raster-
scanning of the grating area with the two-photon excitation beam caused a progressive
damage to the Ag film, manifest both outside of the patterned region, where the Ag film
results thinned, and inside such region, where the film has almost completely disappeared.
The detail of two cross-sectioned nanoholes of grating V, highlighted by a blue frame
in Fig. 6.4(a), is presented in Fig. 6.4(c), sided with an analogous image from grating
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Figure 6.4: (a) BSE SEM image (52◦ tilt) of a portion of grating V, cross-sectioned
via FIB to measure the hole depth. The cut area and its surroundings show the damage
caused to the grating region by the PL mapping. A Pt film (bright volume on the grating)
was deposited via electron-assisted CVD prior to the cut, to protect the grating surface
and ensure optical contrast for the hole cross-section. (b) BSE SEM detail (52◦ tilt) of
the hole cross-section of grating IV, (c) grating V and (d) grating VI. Due to the aspect
ratio larger than 1:1, the Pt coating only partially fills the holes, leaving interstices at
the bottom.
IV (Fig. 6.4(b)) and one from grating VI (Fig. 6.4(d)). By effect of photoablation, not
only on the top surface, but also at the bottom of the nanoholes has Ag either sublimated
of melted and reaggregated in small inclusions, as the brightest features in Figs. 6.4(b)
and 6.4(c) indicate. For each of the three gratings, we image at 240,000x magnification
the cross-sectioned nanoholes, and measure the separation between their bottom and the
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pGaN surface. Within the limits imposed by image resolution and contrast, we determine
the hole depths of gratings IV, V and VI to be in the range 145-155 nm, 165-175 nm
and 180-185 nm, respectively. It is impossible to discern in the BSE SEM pictures
the pGaN, MQW and nGaN regions; however, we know that the pGaN thickness is
tpGaN = 130−140 nm, and the MQW thickness is 36 nm (Subsection 6.8.1). Recalling
that the Ag film thickness is 20 nm, we conclude that the PL intensity is maximized when
so is the overlap between the Ag nanodisk inclusions at the bottom of the holes and the
MQW volume.
To gain further insight in our result, we study the MQW-nanostructured plasmonic
film coupling by means of 3D FEM simulations (Comsol). The periodicity of the grating
is mimicked with periodic boundary conditions. The unit cell of the grating, with side
ph = 300 nm, contains a GaN block, patterned with a nanohole with fixed diameter
dh = 120 nm and variable depth detch. The GaN surface and the bottom of the hole are
coated with a 20 nm Ag film; the permittivities of GaN and Ag are taken from [248] and
[205]. The MQW emission is modeled with an electric dipole, fixed at a vertical distance
des = 140 nm from the GaN surface, and at a horizontal distance deh = 10 nm from the
hole. To reproduce our experimental study, we progressively vary detch from a smaller
value than des to a larger one, leaving all the other geometrical parameters unaltered, and
collect the power emitted by the dipole-nanostructure system through the bottom of the
simulation domain. In analogy with the PL intensity plots of Fig. 6.3, we define radiative
enhancement (RE) as the collected power normalized to the power detected in the absence
of nanostructures, namely for a dipole embedded in a bulk GaN block with a flat Ag
film on top. In Fig. 6.5(a), the radiative enhancement is plotted as a function of the hole
etching depth detch. Each data point is obtained from an equally weighted average over
the three Cartesian dipole orientations, to account for the isotropic nature of real dipoles
[24]. The trend resembles our experimental findings: the largest RE is observed at the
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Figure 6.5: Simulated interaction between a quantum emitter (point dipole) and a Ag
plasmonic grating in GaN. The hole diameter and pitch (dh = 120 nm, ph = 300 nm), the
plasmonic film thickness (tAg = 20 nm) and the emitter position (emitter-GaN surface
vertical distance des = 140 nm, emitter-hole horizontal distance deh = 10 nm) are fixed,
while the etching depth detch of the holes is varied across a range of values smaller,
equal to and larger than des. (a) Radiative enhancement as a function of the etching
depth of the holes. The values are representative of an isotropic dipole (average over
the three Cartesian dipole orientations). (b) Magnitude of the Poynting vector in the xz
cross-sectional plane bisecting the unit cell of the grating, for the three Cartesian dipole
orientations at selected hole depths (detch = 120, 160, 180 nm). The dipole position is
indicated by a blue square.
depths detch = 150, 155 and 160 nm, which maximize the horizontal overlap between the
dipole and the Ag nanodisk inclusion. We notice that the magnitude of the enhancement
is smaller than the one experimentally detected. This quantitative discrepancy originates
from our modeling of the PLED, based on material (permittivity values taken from
literature rather than experimentally determined), structural (replacement of the exciton
distribution within the entire MQW volume with an individual 1D dipole, and of the LED
layers with a homogeneous GaN volume, neglecting the effects of stress and strain and the
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perturbation of crystalline order induced by ion milling) and operational (power detection
angle limited by the use of a unit cell) approximations. Nonetheless, the qualitative
picture confirms and strengthens our result interpretation. Fig. 6.5(b) compares the power
distribution of the simulated dipole-nanostructure system at three different etching depths
and for the three Cartesian dipole orientations. At detch = 120 nm and detch = 180 nm,
when the etching depth is respectively shorter and larger than des, the emitter-Ag nanodisk
coupling is limited. At detch = 160 nm instead, when the nanodisk is next to the dipole,
the gain-mode overlap is maximized, resulting in increased emission.
6.6 Discussion
By sorting the device volume in “plasmonic” and “electronic” domains, our
PLED design enables a simultaneous increase in modulation speed and output intensity,
while still preserving an effective diode structure. Spontaneous emission lifetime, which
sets the optical limit for the direct modulation bandwidth (Section 6.2), can be tuned
via the hole grating geometry. A shorter lifetime can be achieved with a shorter grating
pitch [18]; the diameter does not play a significant role for shallow holes, while for
deep ones a larger radius implies a reduced lifetime [251]. Interdependence exists,
however, between the grating geometry and the pGaN layer thickness. As we saw in
Section 6.3, tpGaN needs to be at least larger than the depletion width of the LED, in
order to grant a satisfactory carrier injection into the MQW. On the other hand, despite
our design decouples the “plasmonic” and “electronic” volumes, an arbitrary increase
in tpGaN faces nanofabrication limitations. We demonstrated indeed that, to maximize
light extraction, the nanoholes need to reach down to the MQW and etch slightly through
it, so that the nanostructured plasmonic film spatially overlaps with the emitting region.
By constraining the hole depth, tpGaN imposes a practical limit also on the hole diameter
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and pitch. Depth:diameter aspect ratios larger than 1.5:1 make it progressively harder to
ensure the structural integrity of the grating (i.e. to define straight hole walls and sharp
edges, which becomes critical as the pitch is decreased since nearest neighbor holes
can collapse into each other) and the filling of the nanoholes with plasmonic inclusions.
Therefore, the balance between modulation bandwidth, internal quantum efficiency and
injection efficiency of the PLED can be controlled with the above-discussed parameters,
keeping in mind their strong interplay.
In order to enable direct current modulation, electrical contacts with a ground-
signal-ground (GSG) topology, supporting high-speed operation through the minimization
of capacitive effects, need to be integrated in the PLED. Our choice of a transparent
sapphire substrate (Subsection 6.8.1) allows light emission from the bottom of the PLED
chip: therefore, a Au pGaN contact can be deposited on top of the plasmonic grating, and
further increase radiation extraction by acting as a mirror. Alternatively, a transparent
indium tin oxide (ITO) contact can be adopted if top emission is preferred. Whatever the
case, a concern negligible for optical MQW pumping but not for the electrical one must
be addressed. If a contact is deposited directly on the plasmonic grating, the filled holes
volume becomes a preferential path for current, due to its larger conductivity compared
to pGaN. The poor injection efficiency of the “electronic” regions and the shorting of
the “plasmonic” ones hamper the functioning of the PLED. A remedy consists in coating
a thin (few nm) oxide insulation layer inside the nanoholes prior to the plasmonic film
deposition. In this way, the Ag inclusions still overlap horizontally with the MQW
volume, but the current flow is confined to the “electronic” regions with a proper diode
structure. To obtain a conformal protection of the bottom and the internal walls of the
nanoholes, a SiO2 or Al2O3 layer can be grown by atomic layer deposition. This step
however needs to be followed by directional dry etching of the surface of the PLED, to
remove the oxide coating from the top of the “electronic” regions which otherwise cannot
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be effectively contacted.
An alternative approach to the integration of plasmonic nanostructures in In-
GaN/GaN LEDs, experimentally explored in [249], consists in inserting Ag nanoparticles
into the LED structure. The inconvenience of this method is that it requires breaking
the vacuum in the growth chamber to e-beam evaporate the metallic particles, which
can result in the incorporation of impurities within the heterostructure. In addition, the
roughness induced by the particles propagates to the upper layers grown on top of them,
with obvious consequences for the lattice cristallinity both in the MQW and in the pGaN.
Our design instead preserves the planarity of the LED structure, and utilizes a plasmonic
grating whose geometry can be accurately and reproducibly controlled. In view of mass
producing the PLED, low throughput techniques such as FIB (which can also cause ion
implantation in the LED crystal lattice) or e-beam lithography are not a convenient choice
to inscribe a nanohole grating. Large-scale, large-area alternatives, such as nanoimprint
lithography (NIL) or direct laser writing lithography [252] are to be preferred.
The PLED design detailed in this work enables the implementation of blue LED
transmitters in VLC systems. To increase the number of wavelength channels, it is
either possible to engineer the InGaN emission (limitedly to the UV-blue-green spectral
region) or to resort to a different semiconductor platform (for the red-infrared region).
However, owing to its fixed plasmonic properties, Ag effectively enhances the modulation
bandwidth only at blue frequencies. Substitution of the Ag thin film with a multilayer
hyperbolic MM allows tuning the wavelength of maximum lifetime reduction across
the rest of the light spectrum. For example, a Ag/Si multilayer red-shifts the plasmonic
resonance monotonically with the amount of Si, allowing peak bandwidth enhancements
at green and red frequencies [18, 19].
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6.7 Conclusions
The present work introduced a novel plasmonic LED design that combines a
blue InGaN/GaN LED with a nanostructured film, consisting of a nanohole grating
coated with a thin Ag layer. By decoupling the device volume into “plasmonic” and
“electronic” regions, the PLED is simultaneously capable of increased modulation speed,
compared to a conventional LED, and increased light output, compared to a plasmonic
LED with a flat Ag film, while preserving an effective p-n junction structure. In order to
optimize light extraction, we fabricated six plasmonic gratings with identical pitch and
hole diameter, and variable hole depth. Time-resolved photoluminescence measurements
at the peak emission wavelength λ0 = 450 nm predicted an almost 40-fold enhancement
in the limit 3dB bandwidth for all the gratings. A spatial mapping of the PL intensity
at λ0 = 450 nm, combined with a cross-sectional analysis of the fabricated structures,
revealed that light extraction is maximized when the Ag nanodisk inclusions inside
the holes overlap with the MQW volume, rather than sitting above or below it. This
finding is corroborated by 3D numerical simulations, showing an identical trend for
a dipole-plasmonic nanohole system. We discussed the mutual influence between the
pGaN thickness and the grating geometrical parameters, and how the introduction of
an insulation layer inside the nanoholes is required to enable effective electrooptical
performance. Our study paves the way for a practical implementation of plasmonically-
enhanced high-speed, high-efficiency incoherent sources in VLC systems. Future work
will include the design, optimization and testing of electrical contacts suitable for high-
speed modulation. We will also extend the PLED design to green and red wavelengths
by replacing the Ag film with a properly chosen multilayer hyperbolic MM.
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6.8 Methods
6.8.1 LED growth
The GaN LED was grown on a double side polished (DSP) c-sapphire wafer, of
diameter 2 in and thickness 300 µm, with a 3 x 2-in Thomas Swan/Axitron close-coupled
showerhead (CCS) metal-organic chemical vapor deposition (MOCVD) system. The
LED structure, from the substrate upwards, consists of a 1 µm undoped GaN buffer layer
and a 600 nm Si-doped nGaN layer (n ≈ 6×1018 cm−3), followed by 3 InGaN/undoped
GaN (2 nm / 10 nm) quantum well/quantum barrier (QB) layers. The MQW active region
is capped with a Mg-doped pGaN layer (p ≈ 5×1017 cm−3), whose thickness varies
between 130 and 140 nm. The growth temperature of the InGaN layer was adjusted to
730◦C to tune the emission wavelength to about 450 nm. The sample was annealed inside
the MOCVD chamber at 750◦C under N2 flow to activate the pGaN.
6.8.2 Patterning of plasmonic grating
After a 10 nm Ni sacrificial mask was coated by e-beam evaporation (Temescal
BJD 1800, rate = 2 Å / s) to protect the LED surface, six 6 µm x 6 µm gratings were
patterned on the LED with a focused ion beam system (FEI Scios DualBeam FIB/SEM).
Each grating consists of a 20 x 20 array of holes, with pitch 300 nm and hole diameter
120 nm, etched with a Ga ion beam at a voltage of 30 kV and a current of 1.5 pA. What
differentiates the gratings is the hole etching depth, varied from values smaller to larger
than the pGaN layer thickness. Once the patterning was complete, the Ni mask was
wet etched in Ni etchant, and a Ni adhesion layer (2 nm, rate = 0.2 Å / s) followed by
a Ag plasmonic film (20 nm, rate = 0.5 Å / s) was deposited on the gratings by e-beam
evaporation.
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6.8.3 Static photoluminescence
The PL spectra of Fig. 6.2(a) were measured with a micro-PL system. The
excitation light, generated by a mercury lamp (X-cite 120 Q), was filtered at 405 nm
(405/10 nm bandpass filter, Semrock Brightline) and focused on the sample. The emitted
light was collected with a 50x, 0.55 NA objective (Zeiss Epiplan Neofluar) and spectrally
analyzed by a Czerny-Turner spectrograph (Andor Shamrock 303i): after entering a
20 µm aperture, radiation was spatially separated by a blazed diffraction grating (150
lines/mm, blaze wavelength λb = 500 nm), and detected with a charge-coupled device
(CCD) camera (Andor Newton). A dichroic beam splitter (405 nm, Semrock Brightline)
and a long-pass filter (409 nm, Semrock Brightline) ensured that the portion of the
excitation light reflected off the sample was removed from the analyzed signal.
6.8.4 Spatio-temporally resolved photoluminescence
Spatially and temporally-resolved PL was measured by first illuminating the
sample with a femtosecond Ti:sapphire laser (Spectra Physics Mai Tai) of 800 nm wave-
length, 80 MHz repetition rate, and 100 fs pulse width. Due to two-photon absorption,
the sample fluoresced at wavelengths between 400 and 500 nm. Fluorescence at the
emission wavelength of 450 nm was collected through the bottom of the sample with a
20x, 0.45 NA objective, then sent to a monochromator (Horiba) and finally detected with
an electrically cooled photo-multiplier tube (PMT). The Ti:sapphire laser was synched
(TB-01 Pulse Converter Module) with a time-correlated single-photon detector (Horiba
High Throughput TCSPC controller) providing 27 ps timing resolution. The beam posi-
tion relative to the sample was controlled by moving the sample stage with a two-axis
piezo-electric motor (Mad City Labs NanoDrive) with an 800 nm step size. Alignment
of the pump beam and sample was achieved with a microscope (Olympus 1X81) and a
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complementary metal-oxide-semiconductor (CMOS) camera (µEye).
Chapter 6, in part, is being prepared for submission for publication. L. Ferrari,
J. S. T. Smalley, H. Qian, A. Tanaka, D. Lu, S. Dayeh, Y. Fainman and Z. Liu, “Design
and analysis of blue InGaN/GaN plasmonic LED for high-speed, high-efficiency optical
communications”. The dissertation author is the co-first author of this paper.
Chapter 7
Summary and future directions
7.1 Thesis summary
The present thesis discussed theoretical and experimental avenues to enhance
light-matter interaction in hyperbolic metamaterials, with the ultimate goal to ease the
integration of such artificial media into high-speed optical communication systems.
We first framed our study into a comprehensive background, where the unique
properties of HMMs, derived from their anisotropic optical dispersion, were detailed. We
saw how the ability of HMMs to support large wavevectors and manipulate the near-field
enables several applications, including high-resolution imaging and lithography, broad-
band absorption engineering, thermal emission engineering and spontaneous emission
engineering. We then narrowed our focus on the latter, in light of its relevance for optical
communications, and addressed key challenges for the inclusion of hyperbolic media
into optical transmitters.
Firstly, we observed that the Purcell factor of ML HMMs, which quantifies
emission speed enhancement, is smaller compared to the plasmonic one. To compensate
for this gap, we proposed to move the emitter inside the hyperbolic medium, therefore
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maximizing the accessible photonic density of states. By means of numerical simulations,
previously validated with an analytical model, we determined the evolution of Purcell
enhancement when a dipole emitter is gradually moved from the outside to the inside
of a Ag/Si ML HMM. We found that, for an emitter inside the ML, the Purcell factor
reaches a maximum of almost 300 at λ0 = 554 nm. This value is 3 times larger than the
peak value for an outer emitter, and about 1.4 times larger than the Purcell factor of a
plasmonic Ag film. Large wavevector extraction in the far-field was achieved by means
of a rectangular and a triangular 1D grating, obtaining a peak radiative enhancement of
about 6-fold and 10-fold, respectively.
Secondly, we highlighted how gratings do not allow an efficient outcoupling of
large-k waves from HMMs, due to their scarce directional control. In addition, we pointed
out that the low throughput of standard grating nanofabrication techniques, such as e-
beam lithography and focused ion beam milling, hampers the scalability of hyperbolic
technology to commercial volumes. We mitigated the first inconvenience by shaping
the hyperbolic medium into a nanoantenna. We studied the spatial dependence of the
Purcell factor and the radiative enhancement of a point emitter coupled with a Ag/Si ML
cylindrical antenna, and observed that a wavelength-dependent directional emission is
achieved for a fixed emitter position. We then adopted an even more radical approach, and
achieved large wavevector outcoupling through a new method that exclusively leverages
dispersion engineering. Design guidelines were provided to extract radiation from the
top or from the side of unpatterned hyperbolic media, either with Type I or Type II
dispersion. Accounting for loss resulted in preferential side extraction for ML HMMs,
and top extraction for NW HMMs. We determined the outcoupled large-k bands for
effective media based on Ag/Si and Ag/SiO2 MLs, respectively at λ1 = 530 nm and
λ2 = 470 nm. By means of numerical simulations, we compared the performance of an
optimized and an unoptimized HMM block coupled with a point emitter, observing an
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almost 40-fold increase in lateral power extraction. When loss was artificially reduced to
1% of its value, the increase reached 3 orders of magnitude.
Finally, the design of an electrically controlled plasmonic optical transmitter was
experimentally studied. We proposed a novel plasmonic LED architecture, integrating a
Ag nanostructured film into an InGaN/GaN LED, which enables simultaneous high-speed
modulation and efficient light emission, while preserving effective electrical excitation.
We fabricated different PLED structures operating at λ0 = 450 nm, and characterized
them with spatio-temporally resolved photoluminescence. A limit 2 GHz modulation
bandwidth was predicted based on lifetime measurements. Through careful optimization
of the plasmonic nanostructure, we demonstrated a 10-fold increase in outcoupling
efficiency relative to a flat plasmonic film. A cross-sectional analysis clearly related the
measured enhancement to a specific nanostructure geometry; the experimental result was
further consolidated by numerical simulations. By bridging the plasmonic metamaterial
and the III-nitride semiconductor communities, this study laid the groundwork for high-
speed, high-efficiency plasmonic LEDs for applications in visible light communication.
7.2 Future directions
The material presented in this dissertation offers several opportunities for further
research, both by itself and in combination with other topics. We discussed in Chapter 3
how moving an emitter from the outside to the inside of a ML hyperbolic medium can
significantly enhance the Purcell factor. Experimental verification of this theoretical
study is relatively immediate at telecommunication wavelengths, by incorporating inside
a ML stack an active layer of doped glass or ceramics [253, 254]. The situation is more
complex at visible frequencies, due to the lack of emitters easily integrable within a ML.
The introduction of spherical luminescent nanoparticles, such as metallic clusters [255]
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or quantum dots [209, 256], affects the quality of the layers deposited on top of them, as
evidenced by transmission electron microscope (TEM) images [256]. A better alternative
consists in growing a metallic quantum well. Besides preserving the integrity of the ML,
this approach synthesizes in a single nanofabrication step (e.g. sputtering) both the ML
and the emitter, without breaking the vacuum and introducing impurities between layers.
If, in addition, the ML dispersion was designed following the prescriptions of Chapter 5,
the maximized Purcell enhancement would be combined to lateral large-k extraction
without the need of a grating.
In Chapter 5, we emphasized how our novel outcoupling paradigm based on
dispersion engineering applies to any medium with hyperbolic permittivity components.
Originating from the traditional ML and NW configurations, new structures are appearing
or will appear in the incoming years that still display hyperbolic dispersion, but with
characteristics that can alter or enrich the classification of Table 5.1, and therefore increase
the versatility of our model. Hybrid ML-NW composites, generically termed “photonic
hypercrystals”[14, 256], might be homogenized with novel effective parameters, with
a different poles and zeroes distribution from pure MLs or NWs. Quantum hyperbolic
metamaterials with atomic-thin layers might display reduced loss, and their permittivity
will depend not only on filling ratio and temporal frequency, but also on spatial frequency.
In demonstrating the use of dispersion outcoupling for emitter-HMM systems,
we focused on a ML HMM for lateral extraction. Analogous analysis can be extendedly
performed for a NW HMM, which is predicted to enable top outcoupling. This feature
is optimal for the optical transmission of information, but has also another attractive
implication. HMMs naturally enable a superior control of near-field radiative heat transfer,
known to exceed Planck’s blackbody limit by orders of magnitude [53, 257]. The normal
extraction of large-k waves from a thermal NW film, made for instance of ITO nanowires
in air [258] or W nanowires in an Al2O3 template [259], can enhance the conversion
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efficiency of thermophotovoltaic (TPV) cells [259], and boost the performance of energy
systems, radiative coolers, thermal switches and rectifiers [258].
The study completed in Chapter 6 provides a clear guideline for the geometric
optimization of the plasmonic LED. Since the ideal hole depth for power extraction is
now known, future analysis should fix this parameter and systematically elucidate the
dependence of lifetime - i.e. of limit 3dB modulation bandwidth - on hole diameter and
pitch. In view of the direct electrical modulation of the PLED, three interdependent
aspects of the device architecture need to be addressed. First, electrical contacts for high-
speed RF signals must be designed to maximize the current injection in the plasmonically
enhanced region, while simultaneously minimizing parasitic capacitance effects, which
curb the modulation bandwidth. Second, a heat sink must be integrated. Heat build-up
degrades the PLED performance by quenching internal quantum efficiency [260] or by
causing permanent damages to the plasmonic nanostructure, similar to those observed in
our analysis (Fig. 6.4). Third, a device lifetime longer than few months must be ensured
by conveniently packaging the PLED, thereby insulating its semiconducting crystalline
lattice and its metallic nanostructure from moisture and oxygen. The static and dynamic
performance of the PLED should be quantified by measuring its light-current-voltage
characteristic (L-I-V curve) and its frequency response.
The density of information of a monochromatic PLED channel can be increased
by encoding in the emitted light two different polarizations. To this end, the plasmonic
grating can be replaced with chiral plasmonic metasurfaces, patterned with spiral fea-
tures that induce a right-handed or a left-handed circular polarization [261, 262, 263].
Compared with linear polarization, circular polarization exhibits a higher degree of
persistence in scattering environments [264], and is therefore more suited for visible
light communication. Not only spin angular momentum (right- or left-handedness) can
be encoded with plasmonic metasurfaces, but also and most importantly orbital angular
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momentum (OAM), related to the helicoidal shaping of the emitted wavefront [265].
OAM is associated with a quantum number which can assume any integer value from
0 to infinity, providing for a given light frequency a number of information channels in
principle unlimited.
The use of a Ag nanostructure limits the applicability of our PLED design to
blue light emission. A similar “hyperbolic LED” (HLED) architecture, employing
ML or NW hyperbolic media in place of plasmonic films, will extend the concept of
plasmonically enhanced LED to the rest of the visible range and to the infrared. While
emission at visible frequencies finds application in Li-Fi local and extended networks,
smart cities based on the Internet of Things (IoT), underwater optical communications
and wireless medical devices, HLEDs at telecommunication wavelengths are poised to
significantly impact the data center infrastructure. In a data center environment, on-chip
connectivity is ensured by Si photonics, which routes optical signals between transceivers
by means of waveguides; rack-to-rack and longer distances are instead covered by fiber-
optics technology. There exists however a bottleneck at the intermediate chip-to-chip
connectivity scale, that cannot be addressed by neither of the previous approaches. Chip-
to-chip communications cannot be implemented with waveguides, too inefficient to cover
distances of the order of millimeters/centimeters; the use of optical fibers is equally
impractical, because it severely limits the escape bandwidth density. Infrared HLEDs are
promising candidates to bridge this gap between connectivity scales, although they face
the competition of alternative solutions [266].
We finally predict that major efforts will be invested in the incoming years to
achieve and control stimulated emission from HMMs. Compared with the narrow band-
width of resonance of plasmonic lasers, hyperbolic lasing exhibits a broadband character,
which facilitates coupling with a wide variety of active media. Recent experimental
demonstrations, based on a MgF2/Ag ML [267] or on Au NW [268] coated with laser
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dyes, also suggest that HMMs allow a lower threshold than plasmonic films [267] or
elliptic metamamaterials [268], but the relative contribution of the surface and the bulk of
the hyperbolic medium to lasing still needs to be clearly identified. Further experimental
study in conjunction with theoretical modeling is to be expected.
Appendix A
Hyperbolic dispersion optimization for
directional light extraction
The present appendix provides the theoretical foundation of the model presented
in Chapter 5, together with a 3D study of the QD-HMM system therein discussed. In
addition, it contains the effective parameters plot of the Ag/Si and Ag/SiO2 MLs, and the
dispersion of the Ag/Si effective medium at λ1 = 530 nm, plotted for both the optimized
and the unoptimized filling ratios.
A.1 Limit cases of hyperbolic dispersion
A hyperbola in the xz plane with center in the origin and vertices on the x axis is
described by the equation
x2
a2
− z
2
b2
= 1, (A.1)
where a (semi-major axis) is the distance between a vertex and the origin, and b (semi-
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minor axis) is the distance between a vertex and the asymptote above (or below) it. While
a alone determines the separation of the hyperbola branches from the z axis, by defining
the coordinates of the vertices (x,z) = (±a,0), the ratio of b to a controls the curvature
of the branches at the vertices. The latter is expressed in terms of the eccentricity
e =
√
1+
(
b
a
)2
, (A.2)
a positive quantity with limiting values of 1 to +∞. These extreme values are reached by
lim
b
a→0+
e = 1, lim
b
a→+∞
e =+∞, (A.3, A.4)
corresponding to cases of maximal and minimal curvature, respectively.
Let us consider a lossless HMM of Type II (εzz > 0 and ε⊥ < 0). Its dispersion is
described by Eq. (A.1), provided that the following substitutions are made:
x→ kx/k0 a2→ εzz
z→ kz/k0 b2→ |ε⊥|,
(A.5)
For top outcoupling, kx is conserved, and large kHMM,z components can be extracted
(Fig. 5.3(c) of Chapter 5). Following Chapter 5, we restrict our analysis to the (kx >
0,kz > 0) quadrant. The limit case in which an infinite band of waves propagating within
the HMM is converted to propagating waves in air occurs when two conditions are
simultaneously verified: the branches of the hyperbola must be "straightened" until their
curvature at the vertices vanishes and they align with the z axis, and "squeezed" along
the x axis, until the vertex coordinate a becomes < 1. The first requirement ensures the
infinite extension of the band, the second forces all the kx components of the band to
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be identical to a certain k¯x < k0. This, by virtue of Eq. (5.5), preserves the propagating
nature of all the k-vectors in the band across the HMM-air interface. It also implies a
vanishing angular spread in the emission, as all the waves in the HMM are refracted into
air only at one specific angle with the z axis, θ¯air = arctan(k¯x/
√
k20− k¯x2). Squeezing is
maximized when k¯x = 0: in that case, the two straight branches collapse onto the z axis,
θ¯air = 0 and the emission is orthogonal to the interface. The band edges kHMM,1 and
kHMM,2 and the vector kHMM,sep separating the short- and large-k constituents of the band
(cfr. main text) have zero x components, and z components kHMM,1 z = 0, kHMM,2 z =+∞
and kHMM,sep z = k0.
The simultaneous requests of infinite bandwidth (i.e. maximal straightening, or vanishing
curvature at vertices) and normal emission (i.e. maximal squeezing, or vertices coinciding
with the origin), are formulated by means of Eq. (A.2) and (A.4) as follows:

b
a →+∞
a→ 0+
⇐⇒
(A.5)

√
|ε⊥|
εzz →+∞
√
εzz→ 0+.
(A.6)
We look for physical solutions of the system, namely finite or vanishing values of |ε⊥|
and εzz. The second equation demands that, at a fixed frequency ω¯, the filling ratio ρ take
a value ρ¯ such that εzz(ρ)→ 0+ as ρ→ ρ¯. The first equation is simultaneously satisfied
if, as ρ→ ρ¯, |ε⊥(ρ)| either approaches a finite value |ε⊥(ρ¯)| or approaches 0 less quickly
than εzz(ρ) does: in mathematical terms, εzz(ρ) = o(|ε⊥(ρ)|) as ρ→ ρ¯.
For side outcoupling, kz is conserved, and large kHMM,x components can be
extracted (Fig. 5.3(d) of Chapter 5). Restricting our analysis to the (kx < 0,kz > 0)
quadrant, the band edges kHMM,1 and kHMM,2 and the separation vector kHMM,sep are
redefined as the intersections of the hyperbolic dispersion respectively with the x axis, the
straight line kz≡ k0 and the circular dispersion of air. In the considered configuration, both
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maximal straightening and maximal squeezing are accomplished by solely requesting
that the curvature at vertices be infinity: by means of Eq. (A.2) and (A.3), this reads
b
a
→ 0+ ⇐⇒
(A.5)
√
|ε⊥|
εzz
→ 0+. (A.7)
Eq. (A.7) is satisfied when, at a fixed frequency ω¯, the filling ratio ρ takes a value ρ¯
such that |ε⊥(ρ)| → 0+ and |ε⊥(ρ)|= o(εzz(ρ)) as ρ→ ρ¯ (we discarded the unphysical
solution εzz(ρ)→+∞, and |ε⊥(ρ)|→ |ε⊥(ρ¯)| finite or |ε⊥(ρ)|→+∞ slower than εzz(ρ)).
The latter condition implies that εzz(ρ) either approaches 0 less quickly than |ε⊥(ρ)| does,
or approaches a finite value εzz(ρ¯). In the first case, kHMM,1, kHMM,sep and kHMM,2 have
zero z components, and x components kHMM,1 x = 0, kHMM,sep x = k0 and kHMM,2 x =+∞.
In the second case, all the z components remain zero and it is still kHMM,2 x =+∞, but
kHMM,1 x =
√
εzz(ρ¯)k0 and kHMM,sep x depends on εzz(ρ¯): if εzz(ρ¯)≤ 1, kHMM,sep x = k0,
while if εzz(ρ¯)> 1 kHMM,sep x and therefore kHMM,sep do not exist, as the hyperbolic and
circular dispersions do not intersect (outcoupled band exclusively composed of large-k
waves).
Let us now consider a lossless HMM of Type I (εzz < 0 and ε⊥ > 0). By means
of the substitutions
x→ kx/k0 a2→−|εzz|
z→ kz/k0 b2→−ε⊥,
(A.8)
we can rewrite Eq. (A.1) as
− x
2
a′2
+
z2
b′2
= 1, (A.9)
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where we renamed
|εzz| → a′2 ε⊥→ b′2. (A.10)
Eqs. (A.8), (A.9) and (A.10) describe a dispersion of Type I. The change of signs in the
left side of Eq. (A.9) corresponds to a 90◦ rotation of the hyperbola, whose vertices now
lie on the z axis. Identical considerations to those just discussed for Type II therefore
apply to Type I, keeping in mind that the behavior of top and side outcoupling is now
swapped by cause of the rotation. For top outcoupling, an infinite bandwidth of k-vectors
is orthogonally extracted through the top HMM-air boundary when, at fixed ω¯, the filling
ratio ρ takes a value ρ¯ such that |εzz(ρ)|→ 0+ and |εzz(ρ)|= o(ε⊥(ρ)) as ρ→ ρ¯. For side
outcoupling, an infinite bandwidth of k-vectors is orthogonally extracted through the side
HMM-air interface, for a given ω¯, at ρ¯ such that ε⊥(ρ)→ 0+ and ε⊥(ρ) = o(|εzz(ρ)|) as
ρ→ ρ¯.
A.2 Quantum dot-HMM coupling: 3D study
In the present appendix we extend the analysis of the QD-HMM system performed
in Section 5.5 to a full 3D simulation environment. As the dimensionality increases, so
do memory requirements, imposing a concomitant decrease of the domain size if the
computational time is to remain finite. We therefore consider a block of HMM with
identical height to the 2D structure (lz = 200 nm), but with shortened width coincident
with the length lx = ly = 300 nm. To maximize the analogy with the 2D case, we locate
a point dipole emitting at λ1 5 nm below the center of the bottom surface, so that its
distance from each lateral surface is 150 nm. The power emitted through a lateral face is
collected into a spherical cap coaxial with xˆ (for the faces parallel to the yz plane) or yˆ
(for the faces parallel to the xz plane), with vertex in the center of the face and aperture
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θ = 30◦. Symmetry reduces all the dipole-lateral face permutations to 3 geometries:
X-dipole, power outcoupled through face yz (PX ,yz); X-dipole, power outcoupled through
face xz (PX ,xz); and Z-dipole, power outcoupled through any of the lateral faces (PZ).
We first model the Si/Ag HMM as an effective medium. The powers PX ,yz
and PZ at the optimized filling ratio ρB are respectively 4 and 31 times larger than at
the unoptimized filling ratio ρA, a proportion close to that of the correspondent 2D
enhancements (Section 5.5). The power PX ,xz, which lacks of a 2D counterpart, results
comparable for the two filling ratios. The lateral power extraction for a Z-dipole coupled
to an EMT block with filling ratio ρB is visualized in Fig. A.1.
In order to further investigate the dipole-HMM interaction for practical HMM
realizations, we replace the effective medium with a ML structure. The layered stack
contains 10 Ag/Si periods of length L = 20, for a total height lz = 200 nm, and has
a width coincident with the length lx = ly = 300 nm, so that the block size remains
unchanged. In this case, both the collected powers PX ,yz and PX ,xz are comparable for
HMM!
x!
z!
Figure A.1: Spatial power distibution (magnitude of the Poynting vector) in the cross-
sectional plane y = 0 of a Z-dipole 5 nm below a 3D block of Ag/Si effective medium
in air. The dipole, whose location is indicated by a pink-bordered white dot, emits at
λ1 = 530 nm. The effective medium parameters correspond to the optimized filling
ratio ρB = 0.58.
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ρA and ρB, whereas PZ is 6 times larger at ρB than at ρA. The quantitative difference
with the effective medium result can be understood by recalling that EMT overestimates
the power coupled from a dipole into a HMM [153]. Lateral extraction, both for the
effective and the layered medium, is best achieved with a Z-dipole, which compared to
an X-dipole exhibits a stronger coupling to a HMM [145, 217]. Fig. A.2 compares the
far-field radiation patterns of a Z-dipole-ML block system at unoptimized and optimized
filling ratios. At ρB, a dominant horizontal emission is generated by side outcoupling
(upper lobe), accompanied by scattering from the lower block edges closer to the dipole
(lower lobe). At ρA instead, two lobes symmetrically departing from the dipole-ML block
system indicate that the main light extraction mechanism is scattering from the upper
and lower edges of the block, rather than outcoupling from the lateral faces.
x!
z!
x!
z!
(a) (b)
Figure A.2: Far-field emission pattern (electric far-field norm) at λ1 = 530 nm of a
Z-dipole 5 nm below a 3D block of Ag/Si layered medium in air. (a) Filling ratio
ρA = 0.54; (b) filling ratio ρB = 0.58. The pink-bordered white square indicates the
position of the dipole-ML block system with respect to the emission pattern.
A.3 Additional plots for the Ag/Si and Ag/SiO2 systems
Fig. A.3 shows the real and imaginary parts of the effective components for
the Ag/Si and Ag/SiO2 MLs discussed in the main text. Since the losses associated
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to the Re{ε⊥}-near-zero region are low, it is possible to achieve side outcoupling. A
Re{εzz}-near-zero region is also present, but it corresponds to a resonant pole of Eq. (5.3):
the related high loss prevents effective top outcoupling.
Fig. A.4 compares the effective medium dispersion of the Ag/Si ML discussed in
the main text at two filling ratios ρA = 0.54 and ρB = 0.58. In both cases the effective
medium exhibits a Type I behavior, distorted from the ideal case of Fig. 5.3(b) by
the presence of loss; however, at ρA the portion of laterally outcoupled large-k waves
is negligible, whereas at ρB, optimized for lateral extraction, the outcoupled large-k
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Figure A.3: Real (a,b) and imaginary (c,d, logarithmic scale) parts of the effective
permittivity components as a function of the filling ratio ρ in (a,c) Ag/Si ML at λ= 530
nm, and in (b,d) Ag/SiO2 ML at λ = 470 nm. The grey vertical stripe denotes the
Re{ε⊥}-near-zero region.
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Figure A.4: Dispersion of the Ag/Si effective medium at λ1 = 530 nm for different
filling ratios ρ. Dash-dotted green curve: ρA = 0.54; solid blue curve: ρB = 0.58; red
curve: dispersion of air.
bandwidth becomes significant.
Appendix A, in part, has been submitted for publication. L. Ferrari, J. S. T.
Smalley, Y. Fainman and Z. Liu, “Hyperbolic metamaterials for dispersion-assisted
directional light emission”. The dissertation author is the first author of this paper.
Appendix B
Modulation bandwidth estimation
The relation of measured PL lifetime to modulation bandwidth is generally a
complicated function that depends on the optical, electrical, and thermal properties of
the LED, which ultimately depend on device geometry and packaging. However, the
maximum modulation bandwidth may be easily found through a rate equation model
derived for cavity-based LEDs [269]. The frequency response H is given by
H(ω) =
Γ
τp
=
1(
1+ iωγp
)(
1+ iωγe f f
) , (B.1)
where ω is the angular frequency (ω= 2pi f ), Γ is the modal confinement factor and τp is
the photon lifetime. The photon and spontaneous emission decay rates are γp = τ−1p and
γe f f = τ−1e f f , respectively, where τe f f was defined by Eq. (6.5). In the absence of a cavity,
the quality factor Q = ω/γp, is determined by the natural linewidth of emission, which
corresponds to the full-width at half-maximum (FWHM) of the PL spectra of Fig. 6.2(a).
From Fig. 6.2(a), τp≈ [c/(430 nm−c/(455 nm)] = 3.9×10−15 s, which is much smaller
than τe f f , of the order of tens of ps. Hence the frequency response is limited by γe f f .
Then, in this limit, we can write the maximum 3dB modulation bandwidth f ′3dB as
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f ′3dB = max[ f3dB] =
1
2piτe f f
. (B.2)
Fig. B.1 compares the frequency response of the control LED and of the PLED of
Chapter 6, calculated according to Eq. (B.1). The experimentally measured lifetimes
imply that the PLED can achieve a 3dB bandwidth exceeding 1 GHz. We note that the
modal confinement factors of the control LED and the PLED are essentially identical, so
that the Γ term has no effect on the comparison. Clearly, the PLED exhibits potential for
high-speed operation in VLC. The excellent outcoupling efficiency, combined with the
sub-100 ps PL lifetime, suggests that the PLED can indeed serve as both an efficient and
a fast LED for VLC applications.
Figure B.1: Upper bounds of the 3dB bandwidth for the control LED and the PLED
based on lifetime measurements. While the maximum 3dB bandwidth is limited to less
than 100 MHz for the control LED, it exceeds 1 GHz for the PLED.
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Appendix B, in part, is being prepared for submission for publication. L. Ferrari,
J. S. T. Smalley, H. Qian, A. Tanaka, D. Lu, S. Dayeh, Y. Fainman and Z. Liu, “Design
and analysis of blue InGaN/GaN plasmonic LED for high-speed, high-efficiency optical
communications”. The dissertation author is the co-first author of this paper.
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